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Zusammenfassung
In dieser Doktorarbeit untersuche ich Kristallisationsmechanismen und suche nach
Reaktionskoordinaten in zwei verschiedenen physikalischen Systemen. In beiden
Fällen können wir Übergänge von ungeordneten, flüssigkeitsartigen zu geordneten,
kristallinen Zuständen beobachten. Das erste System ist eine Polymerkette, die aus
sphärisch-symmetrischen Monomeren besteht, welche untereinander mit einem Kastenpotential wechselwirken. Solange die Reichweite des Potentials genügend klein ist,
tritt für das Polymer ein Phasenübergang erster Ordnung von einem ausgedehnten,
ungeordneten zu einem kompakten, kristallinen Zustand auf. Wir untersuchen diesen
Gefrierprozess mit Hilfe von Transition Path Sampling und einem neu entwickelten
Algorithmus zur Erzeugung von reaktiven Pfaden, der explizit an die Eigenschaften
von Polymeren angepasst wurde. Typische Übergangszustände, die sich zwischen den
beiden stabilen Phasen befinden, bestehen aus einem einzelnen kristallinen Kern, der
an eines oder mehrere kettenartige Fragmente angeheftet ist.
Das zweite System besteht aus weichen Teilchen mit rein abstoßender Wechselwirkung. Da das Paarpotential für verschwindenden Abstand zwischen zwei Teilchen
endlich bleibt, kann das GEM-4-System einen so genannten Cluster-Kristall bilden.
In einem solchen Kristall befinden sich zwei oder mehr Teilchen übereinander an ein
und demselben Gitterplatz. In Hopping-Ereignissen springt ein Teilchen aus seinem
Cluster in einen angrenzenden Cluster auf einem anderen Gitterplatz. Wir untersuchen,
welche mikroskopischen Mechanismen zur Entstehung eines Cluster-Kristalls in einer
unterkühlten Flüssigkeit führen. Außerdem vergleichen wir die Resultate unserer
Simulation mit den Vorhersagen der klassischen Nukleationstheorie.
Für beide Systeme berechnen wir die freie Energie als Funktion verschiedener Ordnungsparameter und optimieren die Reaktionskoordinate. Für das Polymer verwenden
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Zusammenfassung
wir die potentielle Energie kombiniert mit einem Maß für seine mittlere Kristallinität als Indikator für den Fortschritt der Reaktion. Dieser Indikator funktioniert
deutlich besser als die Größe des kristallinen Kerns, der in der klassischen Nukleationstheorie verwendet wird. Im Cluster-Kristall-System legen wir besonderen Wert
auf die Untersuchung der Rolle von verschiedenen kristallinen Strukturen während
des Gefrierprozesses. Wie wir herausfinden, wird auch für Bedingungen, bei denen
ein mehrfach besetzter kubisch-flächenzentrierter Kristall thermordynamisch stabil
ist, die Nukleation in eine kubisch-raumzentrierte Struktur kinetisch stark bevorzugt.
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Abstract
In this doctoral thesis, I investigate the crystallization mechanisms and search for
reaction coordinates in two different physical systems. In both cases, we observe
transitions from an unordered, liquid-like state to an ordered, crystalline state. The first
system is a polymer chain consisting of identical monomers interacting via a squarewell potential. For a sufficiently small well width, the polymer undergoes a first-order
freezing transition from an expanded, unordered phase to a compact, crystalline state.
Using transition path sampling in combination with a new path generation algorithm
developed specifically for polymers, we study this freezing transition. We find that
typical transition states, located between the two stable phases, consist of a single
crystalline nucleus attached to one or more chain fragments.
The second system consists of soft particles with purely repulsive interactions. Due
to the finite value of the pair potential for zero separation, the GEM-4 system can form
a cluster crystal. In such a crystal, a number of particles sit on top of each other at the
same lattice site. Hopping events occur where a particle jumps from its cluster to an
adjacent one at another lattice site. We investigate which microscopic mechanisms
lead to the formation of cluster crystal structures from a supercooled liquid. We also
compare our simulation results with predictions from classical nucleation theory.
For both systems, we calculate free energy landscapes as a function of different order
parameters and optimize the reaction coordinate. In the case of the polymer we find
that the total potential energy combined with a measure of its overall crystallinity is a
better indicator of the progress of the transition than the size of its crystalline nucleus,
which is used in classical nucleation theory. For the cluster crystal system, we place
particular emphasis on investigating the role of various structural compositions during
the freezing transition. We find that even for conditions where a multiply-occupied
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Abstract
fcc crystal is the thermodynamically stable phase, kinetically, the nucleation into bcc
cluster crystals is strongly preferred.
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1. Introduction
All things are made of atoms. As trivial as the statement seems nowadays, Richard
Feynman believed that this sentence contained the most information about our world in
the fewest words. Everything else would reveal itself “if just a little imagination and
thinking are applied”. Indeed, it is one of the key achievements of modern physics to
explain the properties of macroscopic objects by understanding their inner workings
on an atomistic or molecular level. Just think about something as common as ordinary
liquid water and ice. Both are made of exactly the same molecules containing two
hydrogen atoms and one oxygen atom, and yet they are so different. The difference,
of course, is grounded in the molecules’ arrangement. In liquid water, the molecules
are in no particular order, and are able to move around freely. The situation is rather
different in ice: there, the water molecules sit tightly in a regular, self-repeating crystal
structure.
Experimentally, these differences on the molecular level show themselves e. g. in
spectroscopy. For example, one may shine laser light on a sample of a substance.
Depending on the molecular structure, the measured scattering pattern from the sample
will look different. However, what if you are interested in the actual transition from one
state to another? Say, the freezing of a liquid, such as the formation of an ice crystal in
supercooled water? As it turns out, to observe such a process, experimental techniques
often lack the required resolution, both in space and time. This is where computer
simulations come into play. By simulating a substance atom by atom, molecule by
molecule, we can observe any phenomenon of interest, thus directly applying the
atomic hypothesis. This enables us to understand the mechanism of the process on
the most fundamental level. Obviously, “a little imagination and thinking” will be
required to perform such a simulation.
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While quantum effects can be important, it is often sufficient to treat the motion
of atoms on a classical level. Still, for a computer simulation to work, we need a
way to calculate potential energies, and often atomic forces as well. Approaches
to do that range from sophisticated many-body potential energy functions based on
neural networks to simple model potentials not tailored to any particular substance.
The last ingredient for a basic simulation is a physically sound way to make the
atoms move. Two main techniques stand out: Monte Carlo simulations and molecular
dynamics [1–3]. With Monte Carlo, one aims to generate a sequence of particle positions, representative of prescribed external conditions such as pressure or temperature.
Molecular dynamics takes a more direct approach, using forces and velocities to solve
Newton’s equations of motion for all particles. In effect, one simulates the system’s
time evolution.
When trying to understand, for example, a crystallization event by means of atomistic computer simulation, another significant problem arises: for a many-particle
system, in principle, the number of degrees of freedom is huge. After all, every
particle contributes with six numbers describing its position and velocity when using molecular dynamics. Yet, in order to understand the mechanism of nucleation,
what one really wants to find is ideally a single degree of freedom, preferably with
a clear physical meaning, which describes the progress of the nucleation event. In
classical nucleation theory, the size of the nucleating droplet is that essential degree of
freedom or reaction coordinate. However, when simulating different systems, more
often than not it turns out that this size alone is not sufficient for accurately describing
the progress of the transition. Therefore, one has to employ advanced algorithms for
both performing the actual molecular simulations as well as extracting meaningful
information from their results.
As already mentioned above, for the first task of simulating a physical system on an
atomistic level, a vast array of computational techniques is available. Besides Monte
Carlo and molecular dynamics simulations in many varieties, there exist trajectorybased methods such as transition path sampling as well. For the second task of finding
reaction coordinates, however, there is still a strong need for improvement. It is the
aim of this thesis to contribute to this process of gradual improvement. We will do that

2
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by looking at two systems that, at first glance, are very different in nature. While the
first is a small, single polymer chain, the second system under consideration consists
of soft particles able to form cluster crystals, where two or more particles occupy
a single lattice site. Still, the polymer chain and the cluster-crystal former share a
common feature: they can both exist in a low-order, liquid-like, and a high-order
crystalline form, with the actual transition between these two states being a rare event.
Using an armada of advanced simulation and analysis techniques, we will shed light
on the details governing these transitions.

1.1. Rare events and rare event sampling methods
Over the last two decades or so, a vast amount of literature has been written about
rare events in general and all the various simulation techniques designed to study
them, such as transition path sampling, transition interface sampling, and many more.
Instead of covering this topic in detail here, and thus repeating work that has already
been done elsewhere, we will only briefly outline the main concepts and simulation
methods necessary to understand the research presented in this thesis. For a more
detailed view, the reader is kindly asked to consider one of the many references
available on this topic [4–9].
Rare-event like dynamics are very common in a wide range of physical systems.
The prototypical situation is shown in Fig. 1.1. Most of the time, the system fluctuates
around in either one of two (meta-)stable states, here denoted by A and B. However,
there are also infrequent transitions between these two states. They are called rare
events when there is a timescale gap, in other words, if the typical timescale of
oscillations about the stable states is much shorter than the average waiting time
for a transition to occur. In practice, when trying to simulate such a system in a
straightforward manner, one may easily encounter a situation where the long timescale
is simply too long—one might need to wait for many years (or even longer) before
seeing a single transition event.
One of the simplest systems showing a two-state behavior is the two-dimensional
Ising model [10]. It consists of N spins, which can be either up or down, arranged

3
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A

B
Figure 1.1.: Two-state spin system. The system is most of the time in either the spin-up
A or the spin-down B state, with rare transitions between these states.

Magnetization M.t/

1:0
0:5
0:0
0:5
1:0
0:0

0:5

1:0
1:5
Monte Carlo time t

2:0
106

Figure 1.2.: Magnetization as a function of time in a two-dimensional spin system
of N D 400 spins (20  20 periodic lattice). Time is given in Monte
Carlo passes, where one pass corresponds to 400 attempted spin flips.
The temperature is kB T =" D 2:1.
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on a square lattice. For any site i, spin-up is denoted by si D 1 and spin-down by
si D 1. The total energy of the system is then given as
U D

"

X

si sj ;

(1.1)

where the sum runs over all neighboring pairs i; j , and each site has four neighbors:
left, right, top, and bottom. The energy scale is set by ". The overall state of the
system can be characterized by the magnetization
M D

N
1 X
si :
N i D1

(1.2)

At high temperatures, on average an equal number of spins points in either direction,
such that the magnetization is zero. However, at low temperatures, the system is in a
predominantly spin-up or spin-down state, with rare transitions between these states.
An example for this situation is shown in Fig. 1.2. Notably, the full description of the
Ising model has N degrees of freedom, whereas the magnetization is only a single
number. In other words, by looking at the magnetization rather than all the individual
spins, we project many degrees of freedom onto a single essential one.
Many simulation techniques have been developed to overcome the timescale gap
inherent to the study of rare events. One prime example for such a technique is
transition path sampling, or TPS [11]. As the name suggests, with TPS one directly
harvests transition pathways taking the system from one of the stable states to the
other—thus completely skipping the less relevant part spent fluctuating about the
stable states. This is achieved by performing a Metropolis Monte Carlo simulation
in the space of pathways. Naturally, one has to take care to use the correct criteria
for accepting and rejecting trial pathways in order to ensure that the right ensemble
is sampled. Similar to traditional Monte Carlo sampling, a new (trial) pathway is
typically generated by modifying an existing one, e. g. in a so-called shooting move.
In such a move, a point along the transition pathway is selected, slightly modified, and
then used as a new starting point for a forwards and backwards time integration of
the system’s equation of motion. As we will see later in Chapter 2, what one exactly
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means by “slightly modify” depends on the system studied—in the case of the polymer
chain, it has turned out that a rather complex move is necessary to guarantee efficient
sampling of transition pathways.
In any case, having transition pathways is only half the story, regardless if they have
been obtained using TPS, transition interface sampling (TIS), or any other related
method. In a second step, one also needs to be able to interpret what they actually
mean, apart from being an immensely long list of positions and velocities. We will
look into this problem in the following section.

1.2. The quest for knowledge from simulation results
When performing computer simulations of a physical system, often the most important
part is not the actual process of generating a lot of data. Instead, to really understand
what is going on, one needs to analyze and interpret the numerical results. After all,
a simulation will produce just raw numbers. For example, in a molecular dynamics
simulation at constant particle number, volume, and temperature (NVT ensemble),
raw data will consist of two vectors r D .x; y; z/ and v D .vx ; vy ; vz / containing
positions and velocities for each of the N particles, respectively, at a series of points in
time. Similarly, one will often need to deal with particle separations rij D ri rj and
(pairwise) forces Fij . However, none of these quantities are directly observable in an
experiment, nor are they of any relevance in technological applications. Conversely,
macroscopic quantities like pressure, which are accessible experimentally, need to be
calculated from the raw results. For example, if we have purely pairwise interactions
between the particles, in the NVT ensemble, the pressure in a system can be calculated
as [3]
*
+
1 X
pN V T D kB T C
Fij  rij :
(1.3)
3V i <j
Here,  D N=V is the particle density, kB is the Boltzmann constant, and the angle
brackets around the virial expression stand for an average, which is typically realized
as a time average in a molecular dynamics simulation (or as an approximate ensemble
average when using a Monte Carlo simulation). While the expression in the first
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term is the ideal-gas part and thus stems from the kinetic energy of the system, the
second term is the contribution to the total pressure caused by the interaction between
particles.
In a many-particle system, often the thermodynamically stable state is a crystal
structure. That said, there are in principle many different possibilities to arrange
particles on a crystal lattice, such as a face-centered cubic (fcc) or a body-centered
cubic (bcc) structure, and many more. The situation becomes even more involved as
soon as phase transitions between liquid and different crystal structures are considered.
First and foremost, during a transition, different parts of the simulation volume will
contain different phases. Furthermore, while not thermodynamically stable, additional
intermediate phases might occur. Hence, the accurate detection of crystal structures is
another important task to perform on raw simulation results. A number of algorithms
are available for this problem, and it is no surprise that these algorithms are more
complex than a simple formula like Eq. (1.3). Typically, one uses one or more order
parameters, based for example on spherical harmonics and some definition of a
particle’s local neighborhood, to determine what the (local) crystal structure around a
particle is. Using this local information, it is possible to observe the dynamics of a
nucleation event on a scale inaccessible to experiments. We will cover the problem of
local crystal structure detection in more detail in Chapter 4.
Let us now consider the situation where instead of a single system configuration
we have a whole trajectory, i. e. a time-ordered sequence of configurations, to analyze.
For example, this trajectory might be a transition pathway, and we are interested in
the details of the transition on a microscopic level. Ideally, we would like to find a socalled reaction coordinate. This is a number conveying the progress of the transition,
so it should be, say, 0 in the beginning, 1 at the end, and vary smoothly in between.
In order to find a suitable reaction coordinate, let us first have a look at a related
concept, the committor. In a system with two (meta-)stable states A and B, the committor pB .x/ is the probability to reach state B when launching a trajectory using
configuration x as starting point [4]. Thus, in principle the committor is already the
ideal reaction coordinate: it reduces the many degrees of freedom present in x to a
single number, and it also gives a precise measure for the progress of a transition.

7
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Figure 1.3.: Committor pB .t/ along an A-to-B transition path. Image modified from
Ref. 4.
Thus, the committor tells us what is likely to happen next. An illustration for the
value of the committor along an idealized transition path is shown in Fig. 1.3. Initially,
the committor is 0 as long as the path stays in the vicinity of region A. Then, in the
transition region, it continuously increases, before finally reaching a value of 1 in
the vicinity of region B. Unfortunately, in practice the committor has one huge disadvantage: it might be well-defined and precise, but it also does not give any physical
insight whatsoever. In addition to that, many trajectories have to be calculated for
every configuration x, making committor calculations numerically very expensive.
Consequently, while a committor analysis can be a useful tool in analyzing transition
pathways, ultimately we are interested in quantities with a clear physical meaning
when searching for transition mechanisms.
In this thesis, we will try to identify such important variables. For example, in
classical nucleation theory, the size of the crystalline nucleus is the only relevant
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quantity when studying crystal nucleation in a liquid. However, when dealing with a
polymer chain in Chapters 2 and 3, the situation is not that straightforward. Similarly,
as we will see in Chapter 4, the shape and crystalline composition of a nucleus plays
an important role as well in determining whether any particular nucleus will continue
to grow or rather shrink and disappear again.

1.3. Summary of the thesis
The writing of a doctoral thesis neither happens overnight nor is it a task that can be
achieved without careful preparation. Such preparation has, in the end, lead to almost
five years of constant work, as well as the production of reports in written and oral
form about this work. Many scientific trajectories were explored during this time,
some of them leading to a very satisfactory outcome, others maybe not so much. Still,
it is the firm belief of the author that sometimes, one has to follow a route that leads
to something that, at first glance at least, looks like a dead end. This process is called
“research” for a reason—we would not do it if we already knew what we had to expect
at the end. Consequently, we can often learn a lot despite the fact that things turn out
to be not as easy as one had hoped initially. The main parts of this thesis are prime
examples of that statement—the Chapters 2–4, which have already been published
earlier in scientific journals [12–14], and are thus each a self-contained piece of work.
Chapters 2 and 3 deal with a polymer chain that shows a very pronounced two-state
transition between an open, coil-like structure and a compact crystalline arrangement [15]. Over the course of the years, we have studied the model extensively,
have modified it, and then have studied the modified version of the polymer chain
again. The system may be viewed as a very simple, almost toy-like representation of a
generic small protein, yet complex enough to show a clear two-state folding transition.
However, as it turned out, the processes determining the details of this folding on a
microscopic level are far from simple.
In the original formulation of the polymer model, it features hard, discontinuous
square-well interactions [16–20]. In particular, while the distances between neighboring monomers on the chain are fixed, all other monomers interact via a short-range
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Figure 1.4.: Partially folded configuration of the polymer chain. Crystalline and coillike particles are colored in red and yellow, respectively. Intermediate
particles are colored in blue.
attractive square-well potential with a hard core. Hence, the system has a discrete
energy spectrum, where all energy levels are (negative) integer multiples of the singlepair well depth ". Already around 20 years ago, using analytical calculations [18] as
well as computer simulations [19], researchers have found that there is a pronounced
compact-to-expanded transition of the chain when the temperature is increased. A
decade later, Taylor, Paul, and Binder have begun to re-examine the system using
Wang–Landau simulations [15,20–22]. Most notably, they have mapped out the entire
phase diagram of the chain consisting of 128 monomers [15]. As it turns out, the
width of the attractive well plays an important role in the chain’s phase behavior. At
high temperatures the chain is in an expanded coil structure for all widths of the well.
Upon reducing the temperature, for longer-range interactions, the coil first collapses
to a compact, but unordered globule. Finally, it freezes into a crystalline structure in a
second step, when the temperature is further reduced. However, for narrow wells, the
chain undergoes a direct freezing from the expanded coil into the crystalline structure.
In Fig. 1.4, a partially frozen configuration of the chain with a narrow well is shown.
Initially, we performed Monte Carlo simulations of the square-well polymer. In
particular, we tried to analyze folding pathways using advanced machine learning
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techniques, such as neural networks [23] or support vector machines [24]. However,
we were not able to predict the folding probability or committor of configurations in a
satisfactory way. Later, we found a fundamental weakness of these early simulation
results: the harvested transition pathways were not properly decorrelated. Two strategies were employed to overcome this issue, both of which are explained in great detail
in Chapter 2. First, in order to speed up the sampling using molecular dynamics, we
have introduced a modified version of the polymer. The new model features harmonic
springs between neighboring monomers and a smooth approximation to the squarewell potential as interaction between all other monomers. This has the advantage that
we can avoid the rather cumbersome treatment of impulsive forces when performing a
molecular dynamics simulation. In a second step, we have used a new shooting move
in order to decorrelate subsequent trajectories in a transition path sampling simulation
much faster than before. Then we have calculated free energy barriers between folded
and unfolded states as well as transition states for the new model polymer. In terms of
further interpreting the results, we have focused on methods based on likelihood maximization [25]. In Chapter 2, we employ a simple model, where a reaction coordinate
is modeled as a linear combination of physical parameters of the system. We improve
upon this idea in Chapter 3 by introducing a non-linear string reaction coordinate. It
is clear that both energetic as well as geometric properties of the polymer, such as
measures of its overall crystallinity, determine its freezing probability. Still, while
not part of this thesis, the work on the polymer is far from being finished: we have
recently started a collaboration with researchers from the Max Planck Institute for
Polymer Research in Mainz, investigating the effect of a pulling force acting along the
polymer’s longest extension on the folding and unfolding transition.
The work on the polymer chain would not be complete without the addition of
two appendices. In Appendix A, which has been published in Ref. 12, the crucial
bond-bridging Monte Carlo move is discussed in the context of variable bond lengths.
Appendix B provides further technical details on the implementation of our Wang–
Landau simulation and might be very helpful for anyone trying to perform a similar
simulation. In addition to that, we present the full phase diagram of the polymer with
smooth interactions, which so far has not been published in a scientific journal.
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Chapter 4 is about the formation and growth of cluster crystals in a system of soft
particles. It all started a few years ago in a meeting between the author and Bianca
Mladek, who, among many others of course, has performed pioneering studies of
cluster crystals. The generalized exponential model or GEM-n, with exponent n D 4,
has rather remarkable properties [26–33]. Most important, at high densities it forms
cluster crystals—crystalline structures where each lattice site is occupied by two or
more particles, sitting on top of each other. The GEM-4 potential,
u.r/ D "e

.r= /4

;

(1.4)

can be seen from two different perspectives—either as an effective interaction between
larger, more complex molecules, or as a simple, standalone model system. In any
case, two of its properties are crucial for the ability to form cluster crystals. First,
the potential remains finite even for zero separation between particles. Secondly, for
larger distances, it drops to zero fast enough, characterized by the presence of negative
components in the potential’s Fourier transform [34]. Intuitively, this second condition
means that it is more advantageous for the particles to sit on top of each other in
clusters, where they only feel the interactions with their direct cluster neighbors, but
do not feel the particles in other clusters. As we will see later, this also means that at
high densities particles easily form clusters and move in a collective manner already
in the undercooled liquid, prior to assembling a cluster crystal.
In the end, what one really wants to understand is how such a cluster crystal is formed.
In what respects is cluster crystal formation different from the growth of ordinary
single-occupied crystals, and what are the similarities? Can we apply a comparatively
simple model, such as classical nucleation theory, to a rather complex process? In
that respect, the work on the GEM-4 system is very much in the overarching spirit of
this thesis: making sense of raw simulation results and understanding them in simpler
terms with a clear physical meaning.
Even though the pairwise interaction in GEM-4 is of a very simple mathematical
form, the system’s phase diagram is very rich, containing a multitude of different
crystal structures, both in standard as well as in cluster form. As an example consider
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Figure 1.5.: GEM-4 cluster crystal in an fcc2 structure. Each site of the face-centered
cubic crystal lattice is occupied by two particles.
the doubly-occupied crystal shown in Fig. 1.5. Thus, it is vital for any computational
study to be able to distinguish between these different structures, turning mere lists
of particle coordinates into useful structural information. In this thesis, we use bondorder parameters based on a Voronoi tessellation to solve this problem. Traditionally
used methods, based on a fixed cutoff radius, often sensitively depend on the actual
choice of the cutoff radius. In contrast, the Voronoi-based method is parameter-free,
continuous in the particle positions, and adapts well to varying local densities.
We have studied the GEM-4 system mainly by means of molecular dynamics
simulations. Some initial simulations have been performed at temperatures even lower
than the conditions investigated in this work. However, there was a serious issue at
these extremely low temperatures: the occurrence of frustration and glassy dynamics
made it very difficult to obtain converged results. As a consequence, we decided to
investigate the particle mobility in both the (undercooled) liquid and the cluster crystal
phase. For the latter case, we have successfully modeled the individual particles’
motion using a reaction-diffusion approach, initially developed to model the kinetics
of hydrogen bonds in water [35].
Knowledge of the particle mobility at different temperatures was vital in selecting at
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which conditions to perform studies of the nucleation from the liquid into the cluster
crystal phase. We started by calculating free energy curves as a function of the largest
crystalline nucleus in the system. Then, these curves were compared to predictions
made by classical nucleation theory, both with and without corrections for finite-size
effects and nucleus shape. The inclusion of the corrections improved the quality of the
agreement between numerical results and theoretical prediction considerably, which
hints that nucleus shape is important after all.
Finally, we have taken a closer look at the crystalline composition of nuclei in the
system. Interestingly, for nucleation into cluster crystals, the multiply-occupied bcc
structure is strongly preferred. This is even true for conditions where the thermodynamically stable phase is an fcc cluster crystal. This also means that nuclei with a
large proportion of clusters in a locally bcc-like environment are more prone to further
growth. The same is true for compact crystalline nuclei when compared to more open
nuclei of the same size, but larger surface area.
The work on the GEM-4 system is supported by two shorter appendices. In Appendix C, we describe an algorithm to calculate the center of mass of a system under
periodic boundary conditions in an unambiguous and straightforward way. Coming
from the context of computer science, this has been around for some years now, but
has hardly seen any use in molecular simulations, so it might be quite useful for some
readers. Appendix D elaborates on the details of comparing free energies obtained
from umbrella sampling simulations with predictions from classical nucleation theory.
As already mentioned in the beginning of this section, what now follows—the
main part of this thesis—has been published earlier in peer-reviewed journal articles
as listed below. Consequently, great effort has been put into making the remaining
chapters as clear and precise as possible. It is the hope of the author that you, the
reader, can get some helpful insights from them, and be it only the realization that
even “simple” physical systems can show an amazing degree of complexity.
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2. Folding mechanism of a polymer
chain with short-range attractions
We investigate the crystallization of a single, flexible homopolymer chain using transition path sampling (TPS). The chain consists of N identical spherical monomers
evolved according to Langevin dynamics. While neighboring monomers are coupled
via harmonic springs, the non-neighboring monomers interact via a hard core and a
short-ranged attractive potential. For a sufficiently small interaction range , the system undergoes a first-order freezing transition from an expanded, disordered phase to
a compact crystalline state. Using a new shooting move tailored to polymers combined
with a committor analysis, we study the transition state ensemble of an N D 128
chain and search for possible reaction coordinates based on likelihood maximization.
We find that typical transition states consist of a crystalline nucleus with one or more
chain fragments attached to it. Furthermore, we show that the number of particles
in the crystalline core is not well suited as a reaction coordinate. We then present an
improved reaction coordinate, which includes information from the potential energy
and the overall crystallinity of the polymer.

2.1. Introduction
In reaction to changes in their environment, polymers often go through large-scale
conformational changes akin to phase transitions, which are of significance to many
biological processes. A simple homopolymer chain, for instance, collapses from an
extended coil to a compact globule in response to changes in the solvent [36]. This
transition is continuous and can be viewed as the single chain analogy of a second-
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order phase transition. In other cases, the conformational change of the polymer occurs
discontinuously in a first-order like transition, and distinct conformations can coexist
with each other. Such cooperative behavior, familiar from two-state protein folding,
has been also observed in a single polymer chain with square-well interaction [21].
The complex phase behavior of the square-well chain has been investigated previously in a number of different studies. Taylor and Lipson [17,18] carried out analytical
calculations on very small chains, and showed that the system’s radius of gyration
is a sigmoidal function of temperature. Later, Zhou et al. [19] performed simulations of longer chains showing that the increase in the polymer’s dimensions with
temperature is more pronounced for longer chains. More recently, Taylor, Paul and
Binder [15, 21, 37] mapped out the entire phase diagram as a function of temperature
and width of the attractive well [15]. Depending on the well width, one observes
one of two phase transitions: a second-order coil-to-globule for wide wells, and a
first-order coil-to-crystal transition. The authors also calculated the free energy as
a function of the potential energy at coexistence. In the latter case a free energy
barrier separating the two phases imposes a pronounced two-state behavior on the
system [37].
In this work, we focus on clarifying the mechanism of the coil-to-crystal transition of
the polymer. In order to perform molecular dynamics simulations and hence obtain a
realistic picture of the transition event, we have developed a continuous approximation
to the pure square-well chain. Using this model we performed transition path sampling
(TPS) simulations [4, 38, 39] to obtain reactive pathways taking the chain from the
expanded to the folded configuration. To enhance the efficiency of our TPS simulation,
we devised a new shooting move where the topology of the polymer is altered prior
to the actual shooting. We then calculated committor values for the configurations
along the transition pathways and used this information as a basis for the search for a
possible reaction coordinate based on the likelihood maximization method of Peters
and Trout [25]. An analysis of the transition state ensemble (TSE) of the system
indicates that the number of crystalline particles in a given configuration is a rather
poor measure of the progress of the transition. Similarly, the chain’s radius of gyration
does not convey any information about the folding transition. However, a combination
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of the potential energy with the global order parameter Q6 improves the quality of
the reaction coordinate.
The remainder of this chapter is organized as follows. In Sec. 2.2 we define the model
and summarize its properties. Section 2.3 covers the numerical methods employed and
the details of our simulations. Results are presented in Sec. 2.4, and a discussion is
provided in Sec. 2.5. Details of the new TPS shooting move are given in the Appendix.

2.2. Polymer model
2.2.1. Square-well chain
The square-well polymer model considered previously in the work of Taylor, Paul
and Binder [15, 21, 37] is a fully flexible chain of N identical monomers. While
the distance  between neighboring monomers is fixed, non-neighboring monomers
interact via the square-well pair potential [16]
8̂
ˆ
1 0  Rij < ;
ˆ
<
u.Rij / D
"   Rij  ;
ˆ
ˆ
:̂0
Rij > :

(2.1)

Here, Rij D jREi REj j is the distance between the i -th and j -th monomer and
 > 1 parametrizes the width of the potential well. Due to the form of the potential,
the system has a discrete energy spectrum En D n", where n is the number of
square-well overlaps in the chain.
As recently shown by Taylor, Paul and Binder [15, 21], depending on the value of
the potential width  and temperature T , there exist three different phases. At high
temperatures, the polymer is in the expanded coil phase for all values of . What
happens if the system is cooled, however, depends on the width  of the attractive well.
For wide wells, upon cooling the chain first collapses into a compact but disordered
globule. This transition is of second order. Further lowering the temperature then
leads to a first-order phase transition to a crystalline state. For sufficiently narrow
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Figure 2.1.: Coil (left) and crystalline (right) state of the polymer chain for particle number N D 128, interaction range  D 1:05 and temperature
kB T =" D 0:438. Crystalline and coil-like particles are colored in red and
yellow, respectively, while intermediate particles are colored in blue. The
criterion for crystallinity used here is defined in Sec. 2.3.
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wells (  1:05), the system directly freezes from the expanded coil to the crystalline
state in a first-order transition. Snapshots of the coil state and the crystal state are
depicted in Fig. 2.1.

2.2.2. Chain with smoothed square well
Since we are interested in the mechanism of the coil-to-crystal transition, the procedure used to evolve the system along transition pathways must resemble the natural
dynamics of the system. If Monte Carlo dynamics is considered, this implies that only
local moves can be used. Molecular dynamics provides a more physical (and computationally more efficient) way to model the time evolution of the system. To facilitate
such simulations and avoid the cumbersome handling of impulsive forces caused
by the discontinuities in the potential, we have developed a smooth (differentiable)
version of the square-well potential. The smooth potential is defined as





"
.R /
R 
u.R/ D
exp
C tanh
2
a
a


1 ;

(2.2)

where we have chosen a value of a D 0:002  for the parameter which determines
the steepness of the exponential repulsion and the width of the step at R D  .
Neighboring monomers are coupled via harmonic springs U.R/ D k2 .R /2 with
a value of k D 20000  2 =" for the spring constant. A comparison of the original
square-well potential and its smooth variant is shown in Fig. 2.2. For our simulations,
we have chosen the N D 128 chain with an interaction length of  D 1:05.

2.3. Methods
In this Section we provide a brief outline of the computational methods used to obtain
the results discussed in Sec. 2.4.

21

2. Folding mechanism of a polymer chain with short-range attractions
3
square well
smoothed square well

u(R)/ε

2

harmonic spring

1

0

−1
1

1.02

1.04
R/σ

1.06

1.08

Figure 2.2.: Original square-well and new smoothed potential for  D 1:05. The
harmonic spring potential (acting between neighboring beads) is also
shown for comparison.

2.3.1. Wang–Landau simulation
In order to verify the equivalence of our smooth chain model with the square-well chain
studied previously [15, 21, 37], we have performed Wang–Landau simulations [40]. In
the Wang–Landau algorithm, one iteratively obtains the density of states g.E/, from
which all other thermodynamic properties follow. This is done by performing a Monte
Carlo simulation with the inverse of the current estimate of the density of states as the
weight of a configuration, instead of the usual Boltzmann weight. A single Monte
Carlo move is one of five distinct possibilities, selected at random [15]:
1. pivot move: a monomer i within the chain is selected randomly and the whole
chain segment Œi C 1; N  undergoes a random Euler rotation about the i -th
monomer;
2. end move: the 1st or N -th monomer is rotated by a small angle about a random
axis;
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3. crankshaft move: a randomly chosen monomer within the chain is rotated by a
small angle about the axis defined by the line connecting the two neighboring
particles;
4. bond-bridging move: described in Sec. 2.3.2;
5. standard displacement move: a randomly chosen monomer is moved by a small
random displacement.
One pass of the Wang–Landau simulation consists of 2N single moves and contains,
on average, 2 pivot moves, 2 end moves, N=2 4 crankshaft moves, N=2 bondbridging moves and N displacement moves. For the energy histogram H.En /, we
have used bins of unit width in an energy range of Œ 430 "; 400 ", which in order to
speed up the computations is split into two overlapping energy ranges. The results
are then averaged and joined at Ejoin D 190 ". The quality of the joint is checked by
computing the numerical derivative of the density of states, which is found to agree
well in the vicinity of Ejoin . The histogram H.En / is checked every 104 passes for
flatness, and is considered flat if no bin deviates by more than 20 % from the average.
Furthermore, as an alternative flatness criterion, we check for uniform growth of
H.En / (i. e., each bin in the histogram has increased within a range of 20 % of the
average growth since the last check) every 5  107 passes. To keep the numbers within
the range that can be handled by standard floating-point arithmetic, ln g.E/ instead
of g.E/ is stored. Our initial value of the density of states is g.En / D 1 for all En ,
with an initial modification factor of f0 D e 1 . Subsequent modification factors are
p
chosen as fmC1 D fm .
Once the density of states is known, one can calculate the canonical partition
function
X
Z.T / D
g.En /e ˇEn
(2.3)
n

and the probability density of the energy,
P .En ; T / D

1
g.En /e
Z.T /

ˇEn

:

(2.4)
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Here, ˇ D 1=kB T is the inverse temperature. With that, any quantity which is a
function of the energy can be calculated, in particular the specific heat
C.T / D

1
hE 2 i
2
kB T

where
hEi D

X


hEi2 ;

En P .En ; T /:

(2.5)

(2.6)

n

For a finite system, maxima in C.T / are related to phase transitions or other structural
rearrangements [41].

2.3.2. Transition path sampling with core modification
In order to gain insight into the transition mechanism, we have performed transition
path sampling simulations for a temperature at which the coil and crystal coexist. At
this particular temperature, the equilibrium probability distribution of the energy is
bimodal with two peaks of equal weight for the coil and crystallite, respectively. In
between, the probability is extremely low, which corresponds to a high free energy
barrier separating the two types of configurations. Hence, in an equilibrium molecular
dynamics or Monte Carlo simulation, one would practically never see a direct transition
from the coil to the crystallite or vice versa. We overcome this time scale problem by
using transition path sampling. In contrast to Wang–Landau sampling, TPS is able to
provide dynamical pathways taking the system from one state to another.
Our TPS simulations use aimless shooting [25] and a flexible path length. We
p
employ Langevin dynamics with a time step t D 0:0002 m 2 =" and a damping
p
constant D 2 "=m 2 , where the integration of the equation of motion is performed
using the Langevin thermostat by Schneider and Stoll [42] implemented in a modified
version of LAMMPS [43]. The distinction between the states A (expanded coil)
and B (frozen crystallite) is made based on the potential energy of the system. A
configuration is considered to be in the coil state if U=N  Umin =N D 0:7 " and it
is considered to be in the crystalline state if U=N  Umax =N D 2:6 ". We check if
one of these states is reached every ncheck D 2000 time steps, which is also the time
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interval for saving the current snapshot along the path. The shooting point is selected
.o/
with equal probability from x0.o/ , x0CT
and x0.o/T , where x0.o/ denotes the shooting
point of the previous trajectory and T D 50  ncheck t . No restrictions are placed
on the length of the pathways. A path is accepted if it is reactive, i. e., A ! B or
B ! A, and rejected if it is not.
One major problem when performing a standard transition path sampling simulation
of the polymer chain is that the decorrelation between subsequent pathways is very
slow. In particular, subsequent pathways generated with the standard shooting move
have almost identical crystalline cores in the transition state region. A solution of
this problem is to modify the shooting point prior to each shooting move more than
by just modifying the particle velocities. In particular, at each shooting point we
perform a number of bond-bridging Monte Carlo moves [15, 44] in addition to a
random assignment of the particle velocities. This bond-bridging moves modify also
the crystalline core, leading to a faster decorrelation of the pathways.
In order to maintain the equilibrium distribution of states, the bond-bridging move
has to be performed at the same temperature as the actual transition path sampling
simulation. In this move, one first chooses the first (i D 1) or last (i D N ) monomer of
the polymer with equal probability. Then, all interior monomers (i > 3 or i < N 2)
within a distance of 2  of the chosen end are identified. One of these monomers is
chosen at random and then connected to monomer 1 (or N ) via removal of monomer
i 1 (or i C 1) and re-insertion between monomer i and the selected end at a random
azimuthal angle. The re-insertion is furthermore done such that none of the bonded
distances changes. The move is then accepted with probability


Pacc .a ! b/ D min 1; e

ˇU


ba Rb
;
bb Ra

(2.7)

where the potential energy change U D Ub Ua stems only from the change in
the potential for the non-neighboring sites, ba and bb are the numbers of possible
bridging partners in the initial and final state, and Ra D R1i (or RiN ) is the distance
between monomer i and the selected end, with Rb defined accordingly for the final
state. A detailed description of the algorithm adapted to smooth bonding potentials
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is provided in Appendix A. It is worth noting that due to the bond-bridging moves
carried out at the shooting point, the newly generated pathway does not intersect with
the previous path at the shooting point. Still, each individual path is continuous in
both space and momentum.

2.3.3. Particle classification
In order to distinguish between coil-like and solid particles, we use the connection
coefficients dij based on Steinhardt bond order parameters [45,46]. For two particles i
and j close to each other (distance smaller than 1:05 ), the connection coefficient dij
is defined as the scalar product of the complex q6 vectors of particles i and j expressed
in terms of spherical harmonics [45]. The scalar product measures the correlation
between the local environments of particles i and j . We then define two adjacent
particles i and j as connected if dij  0:5. Furthermore, let us denote the number
of (bonded and non-bonded) neighbors and the number of connected neighbors of
particle i with Nn .i/ and Nc .i/, respectively. Particle i is defined as crystalline if
Nn  5 and Nc  Nn 1. This combination of two conditions ensures that surface
particles with a reduced number of adjacent particles can be detected as crystalline.
At the same time, particles deep within the core of the polymer are not incorrectly
detected as crystalline if they belong to the compact, but unordered phase. In addition,
a particle is defined as coil-like if Nn  4 regardless of the value of Nc . We classify
particles as intermediate if they are neither crystalline nor coil-like.

2.3.4. Overlap between configurations
In order to investigate the effectiveness of the core-modification shooting move in
generating new trajectories, we introduce a measure for the overlap between system
configurations. The key idea is that two configurations are classified as similar if they
share contacts between the same particles. Here, we use the matrix of pair energies
as a measure of contact. Due to the shape of the pair potential, typically the pair
energies in units of " are very close to 1 (in contact) or 0 (not in contact). For two
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configurations, represented by contact matrices X and Y , we define the overlap as
c X Y D qP

P

i;j

i;j

Xij Yij
qP

Xij2

i;j

;

(2.8)

Yij2

where i and j run over all monomers in the system. Note that by taking the elementwise product of the matrices, only connections which are present in both configurations
give a contribution to the overlap measure. Also, the normalization corrects for the
total number of contacts present and ensures that the overlap between two identical
configurations is 1. Taking this idea one step further, we define a correlation function,
which measures the average overlap over a time series of configurations, for example
the shooting points of a long TPS simulation,
c.n/ D

hıX.0/  ıX.n/i
:
hıX 2 i

(2.9)

Here, the matrix ıX.n/ D X.n/ hXi is the deviation of the contact matrix at step n
from its average value and the product is meant in the sense of Eq. (2.8). By definition,
c.0/ D 1.

2.3.5. Committor analysis
For a system with two (meta-) stable states A and B, the committor pB .r/ of configuration r is the fraction of dynamical pathways started from r that first reaches
state B [4]. In practice, one launches a number of trajectories starting with random
momenta from r and counts the fraction of trajectories ending in B. Our committor
calculations were performed according to the algorithm described in Ref.47, using
Nmin D 100 and Nmax D 500.

2.3.6. Reaction coordinate analysis
To find a reaction coordinate capable of quantifying the progress of the transition we
follow the likelihood maximization approach proposed by Peters and Trout [25]. In
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this method, a proposed reaction coordinate r is modeled as a linear combination of
m physical parameters qk :
r.q/ D

m
X

kD1

˛k qk C ˛0 ;

(2.10)

where q D fqk g. The committor pB is assumed to be a sigmoidal function of this
model reaction coordinate,
1
pB .r/ D Œ1 C tanh.r/:
2

(2.11)

The coefficients ˛k are then chosen such that the likelihood
L.˛/ D

B
Y
k

pB .r

.k/

A
Y
/ Œ1

0

pB .r .k / /

(2.12)

k0

is maximized. In the above equation, the first product runs over all single shooting
events ending in state B, while the second product runs over all shooting events ending
in state A. The likelihood L.˛/ quantifies the compatibility of the proposed model
with the measured committor values. We use the Bayesian information criterion [48]
BIC D

2 ln L.˛/ C .m C 1/ ln.n/

(2.13)

to compare the optimization results for different numbers of optimization parameters,
where smaller BIC values are better. Here, n is the total number of observations, i. e.,
the total number of shooting events entering in Eq. (2.12), and m is the number of
free parameters entering the model. The BIC penalizes models with too many free
parameters, hence it is used to check whether it is sensible to add additional physical
parameters to improve the model reaction coordinate.
To carry out the reaction coordinate analysis, we first calculate the committor for a
number of states randomly selected from transition pathways. We then calculate a
set of collective variables for each state. In order to obtain the optimal combination
of collective variables, we first determine the single variable that maximizes the
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likelihood defined above. Then, we maximize the likelihood for each 2-variable
combination of the selected variable and all the remaining other variables. The
procedure is repeated successively adding variables. Combinations of up to 3 variables
are considered.
For a perfect reaction coordinate r.q/ all configurations with the same value of
r should have the same committor, pB .q/ D pB Œr.q/ [6, 49]. In particular, there
should exists a value r  of the reaction coordinate such that all configurations with r 
have a committor of pB D 1=2, i. e., they have equal likelihood to relax into state A or
B. These configurations are transition states and together they form the transition state
ensemble (TSE). Accordingly, the distribution of committor values for states with
r.q/ D r  should be strongly peaked around a value of 0:5. For a perfect reaction
coordinate, the only deviation from pB D 0:5 is due to the statistical error that arises
in computing the committor from a finite number of trajectories. Therefore, the width
of the peak around pB D 0:5 decreases with increasing number of trajectories used
to calculate the committor for each configuration.

2.4. Results
2.4.1. Density of states and heat capacity
In order to relate the freezing transition of the smooth polymer chain to that of the
pure square-well chain, we first need to verify that its phase behavior is similar to that
of the original model. Hence, we have calculated the specific heat C.T / for both the
original square-well chain as well as for its smooth variant using the density of states
(Fig. 2.3) obtained by Wang–Landau sampling. Two important observations can be
made. First, the overall structure of the two curves is almost identical, especially in
the important region corresponding to the freezing transition. For the smooth model,
however, the peak is shifted slightly to lower temperatures, and the whole curve has a
higher value away from the peak. This can be explained by noting that the harmonic
springs in the new model introduce additional degrees of freedom not present in the
original polymer. Therefore, the specific heat is increased, and the system needs a
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Figure 2.3.: Specific heat per monomer C.T /=N kB T for the square-well model and
its smooth modification. For the smooth chain, the freezing peak is located
at kB T =" D 0:438 ˙ 0:001, while the value for the square-well chain
is kB T =" D 0:446 ˙ 0:001, in accordance with the result from Taylor
et al [15]. Inset: density of states ln g.E/. Note that for the pure squarewell chain, no positive energies are possible due to the absence of (finite)
positive potentials. Both curves are normalized such that ln g.0/ D 0.
lower temperature for the freezing transition to occur. In Fig. 2.4, we have plotted
the probability distribution of the energy and the free energy profile at the freezing
temperature. The observed barrier height of roughly 19 kB T agrees well with the
result from Taylor et al. for the pure square-well chain [37].

2.4.2. Efficient sampling of reactive pathways
Some examples of shooting point configurations obtained from a TPS simulation are
shown in Fig. 2.5. Even from visual inspection it is clear that the two configurations
with a high overlap value share a practically identical crystalline core. For better
visibility, the configurations have been spatially aligned using the program gmmreg,
which implements a point set registration scheme based on gaussian mixture mod-
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Figure 2.4.: Free energy (solid line) and probability distribution (dashed line) as a
function the potential energy at the freezing temperature kB T =" D 0:438.
The two peaks correspond to the crystalline and coil state, respectively.
The stable state boundaries used in our TPS simulations are indicated by
dashed vertical lines. The configurations shown are snapshots of the coil
(right) and crystalline (left) states and the top of the free energy barrier
(center).
els [50]. In Fig. 2.6 we have plotted the correlation function c.n/ as a function of
TPS cycles as calculated during a TPS run. Correlation functions for the shooting
points as well as for the final folded states of the reactive pathways are shown. It can
be clearly seen that the use of the core-modification prior to each shooting is vital to
de-correlate the state within a reasonable amount of time. Otherwise, even after 100
TPS cycles, there is still a considerable amount of overlap between shooting points and
even folded states. In other words, without core modification the simulation is stuck in
a single class of similar folding pathways which all lead to final states with identical
cores. This is no surprise since already Taylor, Paul, and Binder [15] observed that
for bigger chains also the Wang–Landau simulations do not converge without the use
of bond-bridging moves. Similarly, one must employ bond-bridging moves at the
shooting point when performing a TPS simulation in order to overcome the barrier
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Figure 2.5.: (Top) Two shooting point states with a practically identical crystalline
core and cX Y D 0:407. (Bottom) two shooting point states from the same
TPS simulation with lower degree of overlap, cX Y D 0:072. The program
gmmreg [50] has been used for the alignment procedure.
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Figure 2.6.: Correlation function c.n/ as a function of the number of TPS iterations
carried out with (red) and without (blue) the use of the core-modification.
In the main panel, the correlation function is evaluated at the shooting
points and in the inset at the final states of the transition pathways.
in trajectory space. Note also that in the calculation of c.n/, a normalization factor
hX 2 i hX i2 occurs. It is important to realize that these two averages are different
for shooting points and folded states, as there will be more connections present in the
folded states compared to the shooting points. Furthermore, when just calculating
hX 2 i and hXi2 from a single time series of shooting points, one will make an error,
as these points along a time series are not properly de-correlated. Therefore, we have
performed a number of independent TPS runs, each started from already de-correlated
paths, to obtain correct values for hX 2 i and hXi2 .

2.4.3. Committor analysis and transition state ensemble
One immediate result of our committor calculations is the transition state ensemble.
We define a state to be an element of the TSE if its committor pB differs from 0:5 by
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Figure 2.7.: Some configurations from the transition state ensemble.
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Figure 2.8.: Histogram of the potential energy for configurations in the transition state
ensemble (red) fitted with a Gaussian distribution (blue). Insets: Same
for the global order parameter Q6 (top) and the number of crystalline
particles in the core Ncore (bottom).
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no more than the statistical uncertainty estimated as
pB D

p
pB .1

pB /=M :

(2.14)

Here, M is the number of realized shootings used for the estimation of pB . In total,
we have harvested 210 transition states, a few of which are depicted in Fig. 2.7. Our
first result from analyzing the TSE is an observation made earlier by Taylor, Paul,
and Binder [21] for the pure square-well chain: typical transition states consist of a
crystalline nucleus with one or more chain fragments attached to it. The result of
Taylor et al. was drawn from a visual inspection of states which are energetically in
between the high-energy coil and the low-energy crystalline phase. Our committor
analysis confirms this observation with a more rigorous approach. In Fig. 2.8, we have
plotted the distribution of the potential energy, the global order parameter Q6 , and the
number of crystalline particles in the core for states in the TSE. The core is defined as
the largest cluster of crystalline particles. The energies of configurations belonging to
the TSE are between 220 " and 140 ", roughly corresponding to the barrier region
in Fig. 2.4. The broad distribution seen in Fig. 2.8 indicates that the potential energy
is not well suited for an accurate description of the progress of the transition. This
observation is confirmed by the committor distribution (Fig. 2.9) for states from the
transition path ensemble with energy E=" D 175:6 ˙ 5:0 corresponding to the peak
of the energy distribution shown in Fig. 2.8. Instead of being sharply peaked around a
value of 1=2 as one would expect for a good reaction coordinate, the distribution is
broad and includes committor values from 0 to 1.
As seen in Fig. 2.10, the committor along a typical (folding) transition path is not
simply a monotonically increasing function of time. Instead, starting at a value of 0
at the stable state A, it oscillates up and down several times before finally reaching 1
at the stable state B at the end of the trajectory. This is indicative of the rough and
diffusive nature of the freezing transition.
From a two-dimensional free energy landscape as a function of the total energy
U and the squared radius of gyration Rg2 , Taylor et al. [37] identified the dominant
folding pathway as the minimum free energy path. Our results strongly suggest that
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Figure 2.9.: (Red) Committor distribution for states with potential energy U=" D
175:6 ˙ 5:0, corresponding to the maximum in Fig. 2.8. (Blue) Committor distribution for states with an value of r D 0:0 ˙ 0:15 for the
optimized reaction coordinate defined in Eq. (2.10). The total number of
states is about the same for both histograms. The solid lines are fits with
gaussian functions.
such a dominant folding pathway is only representative in an average sense, especially
regarding the squared radius of gyration. In Fig. 2.11 we have plotted the committor
values for the configurations from our harvested transition paths in the U -Rg2 plane.
While the committor is clearly smaller for higher energies and bigger for lower energies,
there is almost no structure at all in the Rg2 direction. Also, states with committor
values near 0 and 1, respectively, can be found next to each other along this axis.
This implies that the combination of U and Rg2 is a rather poor choice for predicting
committor values and describing reaction pathways. As an illustrative example, one
might think of a case where a long coil-like fragment is attached perpendicularly
to a crystalline core. The value of Rg2 for such a configuration will be rather large.
However, after just one pivot move about one of the particles within the coil-like
fragment, Rg2 might tremendously decrease by rotating a significant part of the chain
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Figure 2.10.: Time evolution of the committor pB (blue), the potential energy U (red),
the number of (crystalline) particles in the core Ncore (green, scale not
shown), and the radius of gyration Rg (black, scale not shown) along a
typical transition path.
nearer to the core. At the same time, it is rather likely that neither the total energy nor
the committor have changed at all after such a move.

2.4.4. Search for a reaction coordinate
The main objective of the search for a reaction coordinate is to find a – preferably
simple and transparent – function of the system variables that encodes the progress of
the transition and reduces many correlated degrees of freedom to a single, essential
one. However, it is clear from Figs. 2.8 and 2.10, that neither the total potential energy
U nor the number of particles in the crystalline core Ncore alone is able to serve as a
reaction coordinate. Nonetheless, one might hope that a combination of these two
quantities, possibly including some additional physical parameters, could lead to better
results.
We have tested the quality of several collective variables as a reaction coordinate
by computing the likelihood L.˛/ from Eq. (2.12) for optimized coefficients ˛. It
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U
Ncore
Q6
peri

Q6
Rg
I1
I3
I2
peri
Q4
a
Q4
Q4core
Q6core
BIC

likelihood 1 likelihood 2 likelihood 3
-501687
-501687
-490654
-523682
-495948
-490654
-631293
-490654
-490654
-671208
-501275
-490528
-682370
-500601
-490654
-713280
-498237
-482159
-735140
-500141
-490654
-735190
-497896
-482397
-752408
-498003
-487678
-787806
-500086
-490654
-798601
-496548
-482170
-808050
-495809
-490649
-818773
-499298
-490580
-826644
-496584
-490554
1003386
981326
964342

Table 2.1.: likelihood 1: log likelihood scores for the different single collective variables. likelihood 2: log likelihood scores for the combination of U with
the given variable, where the optimization was performed over the coefficients for both U and the other variable. likelihood 3: the same for the
combination of (U , Q6 ) with the given variable. The maximum for each
combination is highlighted in bold type. Also the Bayesian information
criterion for each combination with maximum likelihood is given. Note
that smaller BIC values are better.
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Figure 2.11.: Scatter plot of the committor pB as a function of the potential energy U
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to the corresponding committor value according to the color code shown
in the bar at the right. Note that in the vicinity of U=" D 200, there
are red dots (pB D 1) next to blue dots (pB = 0).
turns out that when one uses only one variable as a model reaction coordinate, U
gives the best likelihood (see Tab. 2.1). Furthermore, when including an additional
variable and performing the optimization over both U and the second variable, the
use of the global order parameter Q6 gives the best improvement. The improvement
is better than with the inclusion of Ncore , even though, for single variables, Ncore has a
higher likelihood score. However, since the energy is dominated by the number of
non-permanent bonds, and most bonds occur in the crystalline core, it is clear that U
and Ncore are highly correlated. Therefore, Ncore can add only very little information
that is not already present in U , and consequently, the variable pair (U , Ncore ) gets a
lower likelihood score than (U , Q6 ). Iterating the procedure one step further, we find
that including the radius of gyration Rg improves the likelihood the most. However,
the relative improvement for a third variable is rather small, confirming our previous
observation that the radius of gyration does not carry much information about the
crystallization mechanism. Furthermore, both the anisotropy a D I3 =I1 1 of the
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configuration, with the moments of inertia I3 D Imax and I1 D Imin , as well as
I3 alone, give a very similar likelihood score when used as a third variable in the
optimization. In order to test the robustness of the procedure, we have performed the
optimization procedure for smaller subsets of the full data set of known committor
values. While U and Q6 are ranked first and second consistently, the third variable is
often different for each run. For example, in one case I2 , I3 , and a were equally well
suited as a third variable, giving almost identical likelihood scores. This implies that
a third variable in addition to the combination (U ,Q6 ) does not improve the quality
of the optimized reaction coordinate in a significant way. The log likelihood scores
for the full dataset are listed in Table 2.1. Other collective variables considered in the
optimization were the order parameters Q4 and Q6 evaluated for core (Q4core ,Q6core )
peri
peri
and peripheral particles (Q4 ,Q6 ) only, and the biggest eigenvalue of the contact
matrix (as used by Růžička and coworkers [51]). The contact or Laplacian matrix is
defined as
8̂
ˆ
1
ji j j > 1 and Rij  ;
ˆ
ˆ
ˆ
ˆ
<0
ji j j > 1 and Rij > ;
Gij D
(2.15)
ˆ
ˆ
0
ji
j
j
D
1;
ˆ
ˆ
ˆ P
:̂
G
ji j j D 0:
k¤j

kj

In our work, we have actually used the matrix of pair energies instead, which is
very similar to the above definition due to the shape of the pair potential. Note that
as observed by Růžička and coworkers previously, it makes little difference for the
behavior of whether one uses the above definition for the diagonal elements of
the matrix, or sets them to zero as it is the case when using the pair energies. The
committor as a function of the optimal reaction coordinate constructed from U , Q6 and
Rg is shown in Fig. 2.12. Although this reaction coordinate yields the best likelihood
score, there remains a considerable spread in the committor for any particular value
of the reaction coordinate.
In Fig. 2.9, we have plotted the committor distribution for all states with a value
of r D 0:0 ˙ 0:15 for the optimized reaction coordinate. For both the potential
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Figure 2.12.: Committor pB as a function of the optimum reaction coordinate r, which
is a linear combination of the potential energy U and the global order
parameter Q6 . The red line is the model reaction coordinate of Eq. (2.11).
Inset: Committor as a function of U alone.
energy and the optimized RC, the distribution has a small trough around pB D 1=2.
Since all states were selected at random, a likely explanation is that the system simply
does not spend a long time at committor values around 1=2. If the proposed reaction
coordinate is of poor quality, the committor distribution for the transition value of
the RC will look similar to the unrestricted distribution, which also has a trough
around 1=2. However, compared to the distribution for potential energy values of
U=" D 175:6 ˙ 5:0, for the optimized RC one sees a slight improvement because
the width of the histogram has decreased due to the optimization, while the peak of
the distribution is shifted towards a value of 0:5. In particular, Gaussians fitted to the
histograms have a mean of 0:64 with a standard deviation of 0:29 for the potential
energy as reaction coordinate and a mean of 0:54 and a standard deviation of 0:25 for
the optimized reaction coordinate.
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2.5. Discussion
For sufficiently small interaction ranges , the square-well polymer chain shows a twostate folding transition from the extended coil directly to the crystalline state. Using
TPS simulations with a new core modification move, which has proved crucial for the
ergodic sampling of transition pathways, we have studied the folding mechanism in
detail. A committor analysis of the harvested transition pathways has confirmed the
earlier observation that transition states have a single crystalline nucleus, while the rest
of the system is still in a coil-like configuration. While the fully crystalline state and
the coil state can be distinguished based on the total potential energy, which essentially
counts the number of close contacts between monomers, the energy is not well suited
as reaction coordinate. The potential energy of transition states is distributed around
U=" D 176, which also coincides with the maximum of the free energy curve at
the transition temperature. However, the broad distribution of committor values at
U=" D 176 shows that the potential energy does not accurately quantify the progress
of the crystallization transition. Using the likelihood maximization method of Peters
and Trout [25], we have constructed an optimized reaction coordinate, which is a
linear combination of the the potential energy and the global order parameter Q6 of
the polymer. This optimized reaction coordinate captures the progress of the folding
transition more accurately than the energy alone or any other combination of two
variables we tested, indicating that variables describing the structure and the overall
shape of the polymer are needed in order to understand the transition mechanism.
However, the improvement of the reaction coordinate obtained by including Q6 is
marginal.
The question arises whether the optimum reaction coordinate identified for the
specific model studied in this chapter is transferable to other polymer models. In our
model with short-range attractions and strongly repulsive cores, the potential energy
works as order parameter because it is proportional to the number of contacts. In
the case of polymers with additional contributions to the potential energy, such as
torsional and angular potentials, it will be more appropriate to use the number of
contacts directly rather than the potential energy. Similarly, the order parameter Q6
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is sensitive to a close-packed structure, which occurs in the crystalline state of the
square-well chain. For more complex polymers, it is likely that one will get better
results when using an order parameter which is sensitive to the particular ground state
structure of the system under consideration.
An interesting aspect of of the transition has been noted recently by Růžička, Quigley
and Allen [51] in forward flux sampling simulations of a slightly modified version
of the chain allowing for the application of collision dynamics. They have analyzed
the distribution of the largest eigenvalue of the polymer’s Laplacian matrix. This
variable exhibits a different distribution depending on the folding probability. More
specifically, folding pathways with a high folding probability, as well as unfolding
pathways, show a bimodal distribution of , while the equilibrium distribution for the
same temperature is unimodal. The second peak occurs at a higher value of , which
also corresponds to configurations with an already ordered crystalline nucleus.
While carries a signature characteristic for the two stable states, it does not
convey much useful information about the progress of the transition. The features in
the distribution of this variable [51] have a straightforward explanation: Configurations
which have a finite folding probability already need to have some degree of crystallinity,
otherwise they will not fold even if their energy is rather low. In other words, while
carries enough information to decide whether there is some or zero folding probability,
the variable cannot be used to make an accurate prediction of the actual committor
value if it is anything other than zero, and, therefore, does not perform well as a
reaction coordinate. We have confirmed this result even when we include several or
even all eigenvalues of the contact matrix in the reaction coordinate approximation.
A possible explanation is that even the full set of eigenvalues suffers from the same
flaw as alone: Similar to other global order parameters, they are only a measure of
the overall crystallinity present in the system. By construction, they are completely
symmetric under reordering of the particles. However, in a polymer chain, which
has linked neighbors, the order of the monomers actually does matter, a fact that is
completely neglected when using such measures of crystallinity. Therefore, it remains
a challenging task to construct better order parameters for homopolymers, which
take into account the actual order along the chain, while still being symmetric under
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other operations, such as reversing the labeling without changing the connectivity.
More elaborate machine learning approaches such as support vector machines may be
helpful in this endeavor.
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3. A string reaction coordinate for the
folding of a polymer chain
We investigate the crystallization mechanism of a single, flexible homopolymer chain
with short range attractions. For a sufficiently narrow attractive well, the system
undergoes a first-order like freezing transition from an expanded disordered coil to
a compact crystalline state. Based on a maximum likelihood analysis of committor
values computed for configurations obtained by Wang–Landau sampling, we construct
a non-linear string reaction coordinate for the coil-to-crystal transition. In contrast to a
linear reaction coordinate, the string reaction coordinate captures the effect of different
degrees of freedom controlling different stages of the transition. Our analysis indicates
that a combination of the energy and the global crystallinity parameter Q6 provide
the most accurate measure for the progress of the transition. While the crystallinity
parameter Q6 is most relevant in the initial stages of the crystallization, the later stages
are dominated by a decrease in the potential energy.

3.1. Introduction
Many polymers go through large-scale conformational changes akin to phase transitions when external parameters like the temperature or the solvent properties change [36].
A particularly simple example for such a system is a homopolymer chain with shortrange attractions and strongly repulsive cores [15]. The complex phase behavior of this
system has been studied previously in a number of different studies. First, it was shown
by Taylor and Lipson [17,18], as well as later by Zhou et al. [19], that the chain’s radius
of gyration is a sigmoidal function of temperature. More recently, the entire phase
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diagram of the system as a function of temperature and interaction range was mapped
out by Taylor, Paul, and Binder [15, 21, 37]. Of particular interest to this study is the
first-order like coil-to-crystal freezing transition, which occurs for chains with very
narrow attractive wells. This transition has been studied recently by Růžička, Quigley,
and Allen [51] in forward flux sampling simulations of a slightly modified model to
allow the application of collision dynamics. In Chapter 2, we have investigated the
freezing transition using transition path sampling [4] in combination with likelihood
maximization [25] in order to search for a reaction coordinate [12]. Here, we build on
this work and improve the quality of the reaction coordinate by substituting the linear
version used so far with a non-linear string reaction coordinate [52].
The remainder of this chapter is organized as follows. In Sec. 3.2 we define the polymer model and give a short summary of its properties. Methods and simulation details
are discussed in Sec. 3.3. We present results in Sec. 3.4, and provide a discussion in
Sec. 3.5.

3.2. Polymer model
The model used in this study is a single, fully flexible chain of N identical, spherical
monomers with a short-range attraction between monomers, as well as a hard repulsive
core (Fig. 3.1). Non-neighboring monomers interact via a smoothed variant of a
square-well potential [12],





"
.R /
R 
u.R/ D
exp
C tanh
2
a
a



1 ;

(3.1)

where R is the distance between the monomers and  > 1 parametrizes the width of the
potential well. We have chosen a value of a D 0:002  for the parameter which determines the steepness of the exponential repulsion and the width of the step at R D .
Neighboring monomers are coupled via harmonic springs U.R/ D k2 .R /2 with a
value of k D 20000  2 =" for the spring constant. The pair potential, as well as the
harmonic potential between chain neighbors, is shown in Fig. 3.2.
Depending on the value of the interaction width , there exist three different phases.
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Figure 3.1.: Coil (top left), crystalline (bottom right), and two intermediate states of the
polymer chain for particle number N D 128, interaction range  D 1:05
and temperature kB T =" D 0:438. Crystalline and coil-like particles are
colored in red and yellow, respectively, while intermediate particles are
colored in blue. The criterion for crystallinity used here is defined in
Sec. 2.3.3 in the previous chapter (page 26).
At high temperatures, the system is in the expanded coil phase for all interaction
widths. What happens when the system is cooled, however, depends on . For wide
wells, the system first undergoes a second-order collapsing transition to a compact, but
unordered globule phase. Further cooling leads to a first-order freezing transition to a
crystalline state. For sufficiently small values of  (  1:05 in the case of N D 128),
the system directly freezes from the coil to the crystalline state without going through
the molten globule phase. A detailed description on the chain’s phase behavior is
given in the work of Taylor, Paul and Binder [15, 21, 37], as well as our own recent
study [12]. In the latter work, we also show that the phase behavior of the smoothed
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Figure 3.2.: Smoothed square-well potential for  D 1:05. The harmonic spring potential (acting between neighboring beads only) is also shown for comparison.
version of the chain is very similar to that of the original square-well chain. For
simulations presented and discussed in this chapter, we have chosen the N D 128
chain with an interaction length of  D 1:05. This system undergoes a direct freezing
transition from the coil to the crystalline state, with a coexistence temperature of
kB T =" D 0:438 ˙ 0:001 [12]. An illustration of these two states is shown in Fig. 3.1.

3.3. Methods
3.3.1. Definition of the stable states
In this chapter we study the freezing of the polymer. In accordance with our previous
study of this system [12], we define the expanded coil as stable state A and the crystal
as stable state B. The distinction is made based on the potential energy of the system.
A configuration is considered to be in the coil state if U=N  Umin =N D 0:7 " and
it is considered to be in the crystalline state if U=N  Umax =N D 2:6 ". Note that
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in our model the potential energy is essentially proportional to the number of close
contacts between non-neighboring monomers.

3.3.2. Wang–Landau sampling
Using a Wang–Landau simulation [40] we have obtained a uniform sample of states
outside the two stable basins A and B. With this technique, one iteratively constructs
the density of states of the system by performing a Monte Carlo simulation with the
inverse of the current estimate of the density of states as acceptance criterion. Once
the simulation is converged, each energy interval of a given fixed width is visited
with equal frequency. To speed up the simulation we have combined several types of
Monte Carlo Moves including the bond-bridging move introduced in Ref.21. Further
details of the Wang–Landau procedure, as well as the Monte Carlo moves used in the
simulation, are given in the previous chapter.

3.3.3. Committor analysis
For a system with two (meta-) stable states A and B, the committor pB .x/ of configuration x is the fraction of dynamical pathways started from x that first reaches state B [4].
To compute the committor for a particular x, one launches a number of trajectories
starting with random momenta from x and counts the fraction of trajectories ending in
B. Our committor calculations were performed according to the algorithm described
in Ref. 47, using Nmin D 100 and Nmax D 500. Since we are interested in the true
mechanism of the coil-to-crystal transition, the procedure used to obtain trajectories
for the calculation of committor values must resemble the natural dynamics of the
system. If Monte Carlo dynamics is considered, this implies that only local moves can
be used. Molecular dynamics provides a more physical (and computationally more
efficient) way to model the time evolution of the system. We therefore use the smooth
(differentiable) potential of Eq. (3.1) to facilitate such simulations and avoid the cumbersome handling of impulsive forces caused by the discontinuities in the original
square-well potential. To evolve the system in time, we employ Langevin dynamics
p
p
with a time step t D 0:0002 m 2 =" and a damping constant D 2 "=m 2 ,
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where the actual integration is performed using the Langevin thermostat by Schneider
and Stoll [42] implemented in a modified version of LAMMPS [43].

3.3.4. String reaction coordinate
To identify a valid reaction coordinate, we use the non-linear reaction coordinate
analysis of Lechner et al. [52] In this approach, a reaction coordinate is constructed
as a projection of a configuration on a piecewise linear string defined by a sequence
of M points in an m-dimensional order parameter space. More formally, the reaction
coordinate r associated with a point x in configuration space is defined as

r.x/ D f ˛fSM Œq.x/g :

(3.2)

Here, we have a sequence of projection operations. q.x/ maps the 3N -dimensional
configuration to a low-dimensional order parameter space, so q D fq1 ; : : : ; qm g is a
vector of order parameter values. In this work, we restrict ourselves to m D 2, in other
words, the string resides in a two-dimensional plane. SM .q/ is the projection onto the
string, schematically illustrated in Fig. 3.3 for a plane of two generic order parameter
q1 and q2 , and ˛.SM / is the mapping of the string point to a number between 0
(state A, start of the string) and 1 (state B, end of the string). We use the geometric
projection described in the work of Rogal et. al [53]. Finally, f .˛/ is a monotonic
(cubic) spline that maps ˛ to the reaction coordinate.
The committor pB is assumed to be a sigmoidal function of the model reaction
coordinate,
1
pB .r/ D Œ1 C tanh.r/:
(3.3)
2
The reaction coordinate, defined by the location of the string points, the relative
scaling of the involved order parameters and the functional form of the projection, is
constructed such that the likelihood
LD
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q
S(q)

Figure 3.3.: Schematic representation (data not from simulation) of SM .q/, for a string
of length M D 5. The point q is first mapped to a point on the string
S.q/. This point is then mapped by ˛.S/ to a number between 0 and 1 to
obtain the progress along the string.
is maximized. The first product runs over all single shooting events ending in state
B, while the second product runs over all shooting events ending in state A. The
likelihood quantifies the compatibility of the proposed model with observed outcome
of the shooting events. We use the Bayesian information criterion [48]
BIC D

2 ln L C k.M / ln.n/

(3.5)

to compare the optimization results for different numbers of optimization parameters,
where smaller BIC values are better. Here, n is the total number of observations, i. e.,
the total number of shooting events entering in Eq. (3.4), and k.M / is the number of
free parameters entering the model. The BIC penalizes models with too many free
parameters, hence it is used to check whether it is sensible to add additional physical
parameters to improve the model reaction coordinate. The first coordinate, in our
study the polymer’s potential energy, is used to distinguish the two stable states A and
B, therefore, the end points of the string are held fixed at the stable state boundaries
and can only move in the orthogonal direction. The inner points of the string can
move in any direction. In addition, we use M equally spaced points between 0 and 1
to define the mapping f .˛/, as well as an additional variable for the scaling of the
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plane along the second variable relative to the first one. Therefore, k.M / D 3M 1
for M  2.
The actual optimization of the string is carried out according to the algorithm
described in Ref.54. The procedure is a steepest descent scheme, where one move is
either one of three different choices:
1. a string move, where the string itself is altered by displacing the points of the
string;
2. a move where the mapping f .˛/, which translates the progress along the string
to a reaction coordinate, is altered;
3. a scaling move, where the weight of the second variable relative to the first (the
energy) is changed.
In all cases, the move is accepted if the (log) likelihood increases and rejected otherwise.

3.3.5. Order parameters
In addition to the potential energy, we have calculated a number of structural order
parameters for the polymer. These are
 the size of the core Ncore : the number of particles in the largest cluster of
crystalline particles;
 the total number of crystalline particles Ncryst ;
 the total number of compact particles Ncomp , defined as all particles with six or
more adjacent particles (distance smaller than 1:05 );
 the mean squared radius of gyration Rg2 ;
 the global order parameters Q4 and Q6 ;
 the polymer’s moments of inertia I1 D Imin , I2 , and I3 D Imax ;
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 the anisotropy a D Imax =Imin

1.

For all these variables, we have constructed string reaction coordinates with 2  M  9
in combination with the potential energy U as first coordinate. The criterion for crystallinity used in the calculation of Ncryst is defined in Sec. 2.3.3 in the previous chapter
(page 26).

3.4. Results
We have used a total of 3912 configurations in the energy range 256 < U=" < 163
with known committor values, corresponding to the left and right borders of the blue
rectangles in Fig. 3.4, for the construction of the string reaction coordinate. The string
with M D 2 corresponds to the linear model reaction coordinate as introduced by
Peters and Trout [25], so as a first test, we have checked that the results obtained
for the M D 2 string are in agreement with the results of our implementation of the
linear optimization procedure. Apart from some discretization error due to the way
the committor data are handled in our string coordinate code, these two likelihood
scores agree well. The score for the linear version also serves as a baseline to compare
the likelihood score for more complex strings. In particular, for any combination of
variables, the likelihood score obtained by a string with M  3 should be greater than
the corresponding likelihood for the optimized linear reaction coordinate. It is worth
noting that the main computational effort in the construction of the reaction coordinate
goes into the calculation of committor values and has to be performed on a cluster
with many computing cores. In contrast, the string optimization procedure, even for
many combinations of variables, can be done at comparatively low computational
cost on a single workstation.
In Table 3.1, we have listed the top likelihood scores and the corresponding BIC
for the combination of the potential energy with all the other variables described in
Sec. 3.3.5, as well as the string length M at which this value was reached. Note that
the minimal BIC is always reached at values of M > 2. In other words, in any case,
the performance of the optimum string coordinate is better than the corresponding
linear reaction coordinate, even after correcting for the higher model complexity
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Figure 3.4.: (Top) Optimized strings with M D 2; 3; 5; 9 in the U -Q6 plane. The
blue rectangle shows the range of order parameter values of the polymer configurations considered in the procedure. The color map in the
background represents the predicted committor from the M D 5 string.
The colored dots are the real committor values of the configurations used
in the optimization, with the same color code as the one used for the
predicted values. (Bottom) Optimized strings with M D 2; 3; 5; 8 in the
U -Ncore plane. The color map in the background represents the predicted
committor from the M D 8 string.

54

3.4. Results

6
4

r(α)

2
0
−2

M
M
M
M

−4
−6
−8
0.0

0.2

0.4

0.6

0.8

=2
=3
=5
=9

1.0

α
Figure 3.5.: Cubic spline mapping functions r D f .˛/ belonging to the four strings
in the top panel of Fig. 3.4.

Q6
Ncore
Ncryst
I1
I2
I3
Q4
Rg2
a
Ncomp

BICmin
231632
237303
237720
240494
246363
247179
254593
258044
263911
266048

ln L
-115725
-118502
-118711
-120117
-123052
-123421
-127166
-128892
-131787
-132894

M
5
8
8
7
7
9
7
7
9
7

Table 3.1.: Optimum BIC scores and the corresponding likelihoods, as well as the
string length M at which the optimum was achieved, for all the investigated
collective variables. Note that smaller BIC values are better.
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introduced by the additional degrees of freedom in the form of the coordinates of the
string images as well as the parameters of f .˛/. Furthermore, as it is the case with
the linear version of the reaction coordinate, the combination with the global order
parameter Q6 gets the highest score. Even with the added flexibility of the string,
no combination of the energy with any other variable than Q6 performs better than
(U , Q6 ) even in the linear case. However, the combinations (U , Ncore ) and (U , Ncryst )
come very close, indicating that the flexibility of the string can compensate for the
lower quality of the order parameter combinations up to a certain point. Similarly,
the likelihood score for the combination with the squared radius of gyration Rg2 is
comparatively low even for the best string coordinate.
As an illustration, we have plotted four optimized strings in the U -Q6 plane in
Fig. 3.4. Shown in the same figure are four optimized strings in the U -Ncore plane, the
variable combination that gave the second-best likelihood. Note that for larger values
of M the strings are distinctly curved, deviating strongly from the linear reaction
coordinate studied earlier. Also shown as colormap in the same figure is a comparison
of the predicted committor values of the used configurations with the actual one. The
mappings r.˛/ corresponding to the U -Q6 strings are shown in Fig. 3.5.
The likelihood score, as well as the Bayesian information criterion, as a function
of M for a number of independent optimization runs—each with Q6 as second
variable—is shown in Fig. 3.6. The M D 2 scores correspond to the linear reaction
coordinate. One can observe that the score reaches a plateau for M D 5, in other
words, it is sufficient to use a string with that length. Any further addition of string
points only increases the model complexity without improving its accuracy, a fact
which is also conveyed by the Bayesian information criterion. In Fig. 3.7, we have
plotted this optimum reaction coordinate given by the M=5 string—as obtained by
one of the optimizations runs—against the real committor value. For a perfect fit, the
real committor values would coincide with the hyperbolic tangent function shown in
red in the same figure.
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Figure 3.6.: Logarithmic likelihood (filled symbols, left scale) and BIC (open symbols,
right scale) as a function of string size M for five independent runs of the
optimization procedure, with the potential energy U and Q6 as variables.
The minimal BIC is reached for M D 5. The likelihood score for the
linear model reaction coordinate is also shown for comparison.

3.5. Discussion
For sufficiently narrow attractive wells, the polymer chain investigated in this chapter
shows a two-state folding transition from the expanded coil to the crystalline state. In
the present work, using likelihood maximization, we have constructed a string reaction
coordinate for this process. As already observed in our previous study using a purely
linear reaction coordinate, the combination of the potential energy with the global
order parameter Q6 gave the best likelihood score. Due to the form of the pair potential,
the potential energy of the system is basically a measure for the number of contacts
between non-neighboring monomers. Moreover, Q6 , which is sensitive to closedpacked structures, adds information about the crystallinity of a given configuration.
Therefore, it is sensible that a combination of these two parameters will work rather
well as a reaction coordinate, since during a typical folding transition, both the number
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Figure 3.7.: The computed committor values plotted against the optimum model reaction coordinate as given by the M D 5 string in the U -Q6 plane. Shown
in red is the ideal model committor of Eq. (3.3).
of contacts as well as the crystalline order will increase. Due to the curved nature of the
string, our string reaction coordinate is able to follow this transition more closely than
a purely linear reaction coordinate. This is what leads to the observed improvement in
the likelihood score. In particular, upon following the string along the crystallization,
one observes a change of behavior from the initial to the final stages of the transition.
Initially, the system changes mainly by increasing its overall crystallinity as quantified
by the Q6 parameter. Presumably, this is due to the formation of a small crystalline
core in the system. Later on in the crystallization, the strongest change is seen in the
potential energy, caused by a steady growth of the initial crystalline core leading to
more and more particles packed closely together.
However, the total improvement of the quality of the found reaction coordinate
is rather modest. It remains therefore a challenging task to identify better order
parameters as candidates in the construction of reaction coordinates. More specifically,
these order parameters, while still being as symmetric as possible, should also take
into account the order of particles along the polymer chain, which has been completely
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neglected so far. In the case of more complex polymers, for example if there is less
energetic difference between unfolded and crystalline state, it might also help to work
with the connectivity information in a more detailed way, rather than with the number
of all connections alone.
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4. Nucleation and structural growth
of cluster crystals
We study the nucleation of crystalline cluster phases in the generalized exponential
model with exponent n D 4. Due to the finite value of this pair potential for zero
separation, at high densities the system forms cluster crystals with multiply occupied
lattice sites. Here, we investigate the microscopic mechanisms that lead to the formation of cluster crystals from a supercooled liquid in the low-temperature region of the
phase diagram. Using molecular dynamics and umbrella sampling, we calculate the
free energy as a function of the size of the largest crystalline nucleus in the system,
and compare our results with predictions from classical nucleation theory. Employing
bond-order parameters based on a Voronoi tessellation to distinguish different crystal
structures, we analyze the average composition of crystalline nuclei. We find that
even for conditions where a multiply-occupied fcc crystal is the thermodynamically
stable phase, the nucleation into bcc cluster crystals is strongly preferred. Furthermore, we study the particle mobility in the supercooled liquid and in the cluster
crystal. In the cluster crystal, the motion of individual particles is captured by a simple
reaction-diffusion model introduced previously to model the kinetics of hydrogen
bonds.

4.1. Introduction
Everyday life tells us that in the macroscopic world two objects cannot occupy the same
part of space. Similarly, on the microscopic level, Fermi repulsion prevents atoms from
sharing the same location. However, exactly that can happen on the mesoscopic level.
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Macromolecules such as polymer chains, polymer rings, or dendrimers, can penetrate
each other in such a way that their respective center of mass positions coincide [55–58].
In contrast to atoms and compact molecules, the effective interaction of two such
open molecules will remain finite even for zero separation making it possible for the
molecules to overlap. This feature is mimicked by coarse grained models in which
every macromolecule is represented by a single particle [27, 28, 30, 59–62]. One
example for such a potential is the generalized exponential model or GEM-n system,
where the pair interaction is given by an exponential,
u.r/ D "e

.r= /n

:

(4.1)

This potential permits the existence of cluster phases for n > 2, indicated by the
presence of negative components in the potential’s Fourier transform [34]. In particular,
for the case n D 4 and d D 3 dimensions, there exists a very complex phase behavior
showing a multitude of cluster phases in the low-temperature regime [27, 29, 30].
For low densities, the system is in a liquid state. When increasing the density, for
very low temperatures, the system initially forms a regular face-centered cubic (fcc)
or body-centered cubic (bcc) lattice, depending on the exact conditions. A further
increase in the density leads to the formation of cluster crystals, with the number of
particles per lattice site increasing with the density. The properties of clusters phases
in GEM-4 have also been studied extensively in d D 2 dimensions [31, 33, 63].
In this chapter, we investigate the formation of cluster crystals through nucleation
out of the metastable liquid in the GEM-4 system, finding the crystallization occurs
predominantly into the bcc phase. Similar preference for bcc was observed recently in
the Gaussian core model (GEM-2), which, however, does not form clusters [64, 65].
In GEM-4 as well as in the Gaussian core model, crystallization results in a high
degree of polymorphism. On the other hand, a rather different nucleation mechanism
has been observed in a binary Lennard-Jones mixture [66]. There, in accordance
with Ostwald’s “step rule” [67], a core primarily consisting of fcc particles (the stable
phase) is surrounded by a surface layer of bcc particles (the phase with the lowest free
energy difference to the liquid).
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At this point, an explanation of the terminology used in this chapter is in order. We
use the word particle when speaking about individual, soft particles, and cluster when
speaking about a small aggregation or “blob” of individual particles sitting on top of
each other. With cluster occupancy we mean the number of individual particles per
cluster. The word nucleus, on the other hand, is reserved for larger aggregations of
either particles or clusters, arranged in a regular manner on a lattice and forming the
precursor of an extended crystal.
The remainder of this chapter is structured as follows. In Sec. 4.2, we will describe
the model and briefly discus the regions of the phase diagram relevant for this work.
Sec. 4.3 covers the numerical methods used in this study, such as the algorithm to
assign individual soft particles to clusters and the details of the dynamics used in
our work. In the same section, we explain our method for detecting crystal structures
using bond-order parameters based on a Voronoi tessellation of space. We present
our results in Sec. 4.4 and provide a discussion in Sec. 4.5.

4.2. Model
We study the cluster-forming GEM-4 system of spherical particles interacting via the
pairwise additive potential
U.r1 ; : : : ; rN / D

X

"e

.rij = /4

;

(4.2)

i <j

where rij D jri rj j is the distance between particles i and j , and " and  set the
energy and length scale, respectively. This system shows the formation of cluster
crystal phases at high densities [27]. For very low temperatures, the system is in
a face-centered cubic structure where the number of individual particles per lattice
site increases with the density. Provided that the dimensions of the simulation box
are chosen commensurate with an fcc cluster crystal, at these conditions, there is
very little variance in the occupation numbers between different sites. Thus, each
site is occupied by m particles, where m is called cluster occupancy. We denote
this structure by fccm. As an example, consider the fcc3 crystal at a rather low
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Figure 4.1.: GEM-4 cluster crystal in an fcc3 structure at low temperature. Each
lattice site of the face-centered cubic crystal structure is occupied by three
particles. The particles are displayed with three different colors in order
to enhance the visibility of the individual cluster members.
temperature of kB T =" D 0:02 shown in Fig. 4.1, at which the thermal fluctuations of
the particle positions are very small. At higher temperatures, the system is in a clusterfcc or cluster-bcc structure. Under these conditions, the mean cluster occupancy also
increases with density, but is in general a non-integer number, i. e., the number of
individual particles typically differs from one lattice site to another. Here, one also
observes frequent hops of individual particles between clusters. The system forms
clusters also in the liquid phase at sufficiently high densities and it is from such a
cluster liquid that we observe crystal nucleation. We restrict ourselves to situations
where the mean cluster occupancy is an integer, typically two, and does not vary
significantly between clusters. For the comparatively low temperatures investigated in
this work, this is true despite the fact that strictly speaking, we are in the cluster-fcc
and cluster-bcc regions of the phase diagram, respectively.
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4.3. Methods
In this section, we describe the algorithm used to group single particles into clusters
and then how we use bond-order parameters based on a Voronoi tessellation of space to
distinguish between liquid and different crystal environments. We also give a detailed
description of the order parameter used in our work, the size of the largest crystalline
nucleus. The section is concluded by a discussion of the dynamics employed in our
simulations.

4.3.1. Clustering algorithm
Consider the typical form of the radial distribution function g.r/ for the GEM-4
system as shown in Fig. 4.2. The high peak for zero separation indicates that clusters
form at high density. Thus, in order to define what constitutes a cluster of particles,
we first find, for each particle, all neighboring particles within a distance of rc D 0:7 .
Then, we find all clusters of particles connected by that distance criterion [68]. It is
worth noting that by using this method, it is theoretically possible that within a single
cluster, two particles are separated by a distance larger than rc . As a simple example,
one might think of three particles arranged along a line, such that the distance between
the first and the third particle is significantly larger than the cutoff radius. However, in
practice, in GEM-4 under the conditions investigated in this study, this rarely happens:
typical cluster occupancies are on the order of two, and even clusters of three particle
are rather closely packed.
After the clustering step, we calculate the center-of-mass position for each cluster.
In order to avoid any ambiguities arising from the periodic boundary conditions
employed in our simulation, we do this by mapping each coordinate onto a unit
circle. A detailed description of the algorithm is given in Appendix C. We use this
cluster center-of-mass coordinates exclusively in the following procedures to search
for neighbors, calculate bond-order parameters, and detect crystal structures. Trivially,
for single-particle “clusters”, we just use the raw coordinates.
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Figure 4.2.: Radial distribution function g.r/ for different phases at kB T =" D 0:08
and  3 D 1 (stable phase: fcc2). The cutoff radius rc D 0:7 used to
define clusters is indicated by a vertical dashed line. Note the logarithmic
scale on the y-axis.

4.3.2. Voronoi-based bond-order parameters
Since we want to study crystal nucleation within a predominantly liquid system, we
need a way to distinguish liquid from solid particles. Furthermore, we would also like
to find out whether any single solid particle is say in an fcc, bcc, or hcp environment.
For that task, we use a variation of the bond-order parameters suggested in Ref.69.
The usual expression for the complex bond-order vector of particle (or cluster) i
is [45]
1 X
qlm .i/ D
Ylm .ri rj /;
(4.3)
Nb .i/ j
where the Ylm are the spherical harmonics and the sum runs over all neighbors, or
bonds, of particle i . In the expression above it is not specified how neighbors are
actually defined. A traditional choice is to view all particles within some cutoff radius
around particle i as neighbors. However, more recently, a fixed number of neighbors
has been used, e. g., the closest 12 neighbors, as this adapts better to varying local
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densities [65, 70]. Similarly, solid-angle based nearest neighbors [71] also cope well
with varying local environments. An alternative approach, applied in this work, is
to use a Voronoi tessellation of space in order to define neighbor relations [72]. One
defines two particles as neighbors if their corresponding Voronoi cells share a common
facet. This has several advantages. First of all, the method is completely parameterfree, thus eliminating the need to fine tune parameters, as it is typically the case when
employing a cutoff-based neighbor definition. Also, similarly to the method using
a fixed number of neighbors and the solid-angle based method, the Voronoi-based
method works for all densities. In addition, one can weight the contribution of each
neighboring particle to the complex bond-order vector by its corresponding Voronoi
facet area in order to make the order parameter a continuous function of the particle
coordinates. This new Voronoi-based complex bond-order vector can be written as
v
qlm
.i/ D

X A.f /
Ylm .‚f ; 'f /:
A

(4.4)

f 2F .i /

Here, the sum runs over all facets f of the Voronoi cell F associated with particle i ,
A.f / is the corresponding facet area, and A is the total facet area of the cell. The unit
normal vector of each facet, defining the angles ‚f and 'f on a unit sphere, coincides
with the (normalized) bond vector for the corresponding neighbor. Therefore, from an
algorithmic point of view, this Voronoi-based calculation of bond-order parameters
is very similar to the usual one. The only two differences are that one uses the
Voronoi construction to find neighbors, and weights each neighbor contribution by the
respective facet area. In our simulation, we used the open-source library Voro++ [73],
version 0.4.6, to perform the calculation of the Voronoi cells, neighbor relations, and
facet areas.
Next, we calculate a modified version of the averaged bond order parameters of Ref.
69,
P
A v
v
q
.i/
C
f 2F .i / A.f /qlm .f /
v
qN lm
.i/ D 12 lm
:
(4.5)
A
C
A
12
That is, instead of weighting the central particle and each neighboring particle equally,
we again make use of the corresponding Voronoi facet areas as weights for the neighbor
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contributions. Note that the central particle is weighted by 1=12 of the total surface area.
This ensures that the values are comparable to the traditional definition of averaged
bond-order parameters, since in the case that neighbors are defined by a cutoff distance,
often the mean number of neighbors is close to 12 as well.
Finally, we calculate the local bond-order parameters
v
u
l
u 4 X
v
t
v
qN l .i/ D
jqN lm
.i/j2
2l C 1

(4.6)

mD l

and

wN lv .i/ D

X

m1 Cm2 Cm3 D0

0
@

l

l

l

m1 m2 m3
l
X

mD l

1

v
v
v
A qN lm
.i/ qN lm
.i/ qN lm
.i/

v
jqN lm
.i/j2

1

!3=2

2

3

:

(4.7)

It is interesting to note that, in principle, the resulting complex vector, and hence
the qN l and wN l numbers derived from it, are continuous in all the particle positions.
That is certainly not true when using equal weights and a hard neighbor cutoff, as any
bond-order parameter will show a discontinuous jump as soon as a particle enters or
leaves the neighbor shell. A similar situation occurs when using a fixed number of
neighbors, as the identity of the furthest particle can switch from one simulation time
step to another. For cluster-forming particles, of course, a discontinuity is introduced
by the cutoff-based clustering procedure described in Sec. 4.3.1. However, the exact
degree of this discontinuity depends on the variance in the cluster occupancy. As an
illustration for a low variance in the cluster occupancy, consider Fig. 4.3, in which
we have plotted the time evolution of qN 6v and qN 6 for an arbitrary particle in an fcc2
crystal. For the latter case, the effects of three different neighbor definitions are
shown: the traditional cutoff-based definition (with a second inner cutoff radius of
0:7 to avoid particles in the same cluster), a naive Voronoi tessellation, applied
to the raw particle positions without the cluster averaging procedure described in
Sec. 4.3.1, and an intermediate method, where we use the Voronoi facet areas only in
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Figure 4.3.: Value of qN 6 and qN 6v , respectively, as a function of simulation time for an
arbitrary particle in an fcc2 structure using different methods to define
the neighbor relations and calculate order parameters. The simulation
starts from a perfect fcc2 lattice. The usage of qN 6v (top line, red), Eq. (4.6),
ensures a smoothly varying order parameter without any discontinuous
jumps. The traditional, cutoff-based method to define neighbors produces
small jumps in the time evolution of qN 6 (purple line). Note also that a
naive Voronoi tessellation, applied to raw particle coordinates in a cluster
crystal, leads to very unsatisfactory results (bottom line, orange).
the computation of qlm , but not for the neighbor-averaged qN lm . As it turns out, only
the fully Voronoi-averaged qN 6v show a continuous time evolution without any jumps.
One should not forget to mention that the Voronoi-based neighbor detection has
one significant disadvantage, namely its higher computational cost. In our experience,
calculating order parameters employing the Voronoi tessellation takes roughly five
times as long compared to the cutoff-based method. However, in a typical application,
this is not a big issue, because the overwhelming majority of the computation time
is spent determining forces rather than calculating order parameters. Furthermore,
additional properties of the computed Voronoi cells, like the total area and the cell
volume, can be useful to analyze the local structure as well.
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Figure 4.4.: Probability densities for qN 6v , wN 6v , and wN 4v for different pure structures at
kB T =" D 0:08 and  3 D 1. The decision thresholds described in the
text are indicated by vertical dashed lines.

4.3.3. Detection of crystal structures
In order to decide whether a particle, or rather, cluster, is in a liquid or crystalline
environment, we adopt the method used in recent work of Mithen, Callison, and
Sear [65]. It is based on the values of the local bond-order parameters qN 6v , wN 6v , and
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wN 4v . First, if qN 6v .i/ < 0:35, cluster i is classified to be in a liquid-like environment.
Otherwise, if wN 6v .i/ > 0:004, the cluster is classified as bcc. In the remaining case,
we check if wN 4v > 0:07 in order to classify the cluster as fcc or hexagonal closepacked (hcp). This step-wise decision procedure is illustrated in Fig. 4.4. While the
histograms are shown for a certain temperature and density, they are very similar for
all conditions investigated in this work, and hence the same threshold values can be
applied for all cases. Also, this set of criteria is very easy to implement and perfectly
separates the various structures. In contrast, a previously used similar criterion, based
on the qN 4 –qN 6 plane [64], shows a considerable amount of overlap especially between
bcc and hcp already for the pure structures in a GEM-4 cluster crystal.

4.3.4. Definition of the largest crystalline nucleus
In order to find the largest crystalline nucleus, we first identify all solid clusters. Then,
the largest crystalline nucleus is defined as the largest connected structure of solid
clusters.
Any single cluster which is detected as either fcc, hcp, or bcc by the procedure
described above is immediately classified as solid. However, for clusters which are
in a liquid environment according to their qN 6v value, we employ an additional test.
In this case, we apply the ten-Wolde-Frenkel criterium [46] by first calculating the
connection coefficient between clusters i and j ,
dij D 
P6

mD 6

P6

v
v
q6m
.i/ q6m
.j /
1=2 P
1=2 ;
6
v
v
2
2
jq6m .i/j
mD 6 jq6m .j /j
mD 6

(4.8)

where  denotes complex conjugation. The particles are defined as connected if
dij > 0:5. Then, any cluster with more than Nf D 8 connected neighbors is classified
as solid. As a result, we are able to overcome a significant disadvantage of a criterion
based purely on the values of neighbor-averaged local bond-order parameters. In
particular, due to the spatial averaging, a cluster near a liquid–solid interface can have
a comparatively low qN 6v value, even though it is already in a regular arrangement with
its neighbors. In contrast, clusters deep within the liquid phase have both a low qN 6v
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value and a low number of connections [64]. Using the procedure described above,
we can decompose the size of the largest crystalline nucleus Nnuc into a sum of its
constituents,
Nnuc D Nliq2 C Nfcc2 C Nhcp2 C Nbcc2 :
(4.9)

4.3.5. Dynamics and umbrella sampling
We perform molecular dynamics simulations in a cubic, periodic box for constant
particle number N and temperature T . Two different algorithms are used to simulate
the system both at constant volume (NVT ensemble) and at constant pressure (NpT
ensemble).
For the NVT time evolution, we employ Langevin dynamics with a time step
p
p
t D 0:01 m 2 =" and a relatively low damping constant D 0:2 "=m 2 , where
m is the particle mass (set to unity in reduced units). Note that the relaxation time is
p
 D 1= D 5 m 2 =" D 500 t. The low damping constant, while still providing
sufficient thermostating, ensures that the short-time evolution of the system is hardly
perturbed by the friction and random force terms. The actual integration is performed
using the Langevin thermostat by Schneider and Stoll [42] implemented in a modified
version of LAMMPS [43], which we call as a library from our custom simulation
code.
We perform NpT calculations using the same time step. Within LAMMPS, a Nosé–
Hoover chain is used for the time integration [74]. The relaxation times for temperature
p
p
and pressure are set to T = m 2 =" D 1 and p = m 2 =" D 10, corresponding to
100 and 1000 time steps, respectively.
We employ umbrella sampling [75] to calculate nucleation free energies as a function
of the number of clusters in the largest crystalline nucleus Nnuc . 95 windows each
spaced a distance of 5 clusters from its neighbors are used. The bias potential for
window j is given by
k
j
Ubias
.Nnuc / D .Nnuc 5j /2 ;
(4.10)
2
where j D 1; : : : ; 95 and the bias spring constant is set to k D 0:002 ". Between
evaluations of the umbrella potential, in order to generate a new trial configuration,
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the system is evolved in time using the NpT scheme described above. Typically, we
p
integrate for 20 time steps, corresponding to tMD D 0:2 m 2 =". Then, each trial
configuration is either accepted or rejected using the Metropolis criterion applied to the
bias potential only [76]. We also use replica exchange moves [77] between neighboring
windows to improve convergence. After each evaluation of the bias potential, two
neighboring windows are selected at random and an exchange is attempted between
these two replicas.

4.4. Results
In order to quantify nucleation and crystal growth timescales and select a regime
were these timescales are accessible to numerical simulation, we start by determining
the mobility of individual particles. The mobility is measured both in terms of the
particles’ mean-square displacement (MSD) as a function of time as well as the survival
probability for two-particle clusters and its time derivative. Then, we calculate free
energy curves as a function of the largest crystalline nucleus in the system for a range
of pressures. Finally, we take a closer look at freezing trajectories taking the system
from an undercooled liquid to a completely frozen state. This freezing takes place
in two steps: the initial growth of a crystalline nucleus, followed by a solid-to-solid
transition to the thermodynamically stable phase. We finally perform a committor
analysis to investigate which conditions lead to the transformation of intermediate
configurations to fully crystalline states.

4.4.1. MSD and particle mobility
For our numerical studies to be feasible, it is important that the initial undercooled
liquid does not show slow, glassy dynamics and is well equilibrated. We quantify
the degree of equilibration by measuring the mobility of particles. As we will see,
for temperatures kB T =" . 0:08, the particle mobility slightly depends on the total
simulation time, which indicates the onset of glassy dynamics. Also, nucleation and
crystalline growth timescales are strongly affected by low particle mobilities and
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Figure 4.5.: Mean-square particle displacement in the liquid at a fixed density of
 3 D 1 as a function of temperature. For each temperature,
a
p
2
number of lines, each with a different reference time t0 = m =" D
f100; 300; 700; 1500; 3100; 6300g, is shown. For low temperatures
kB T =" . 0:08, the MSD function takes a long time to converge, that is,
the results have a slight dependence on the time of the measurement. Note
that for temperatures kB T ="  0:08, simulation runs where the liquid
turned (partly) into a crystal have been removed from the average.
glassy dynamics [78]. In the following, we will therefore avoid going to any lower
temperatures.
We start by setting up the system in a completely random arrangement of particles.
In other words, the initial configuration corresponds to the high-temperature limit.
Then, we evolve the system forwards in time with the Langevin NVT integrator. Immediately, we see the formation of a cluster liquid, with an average cluster occupancy very
close to 2. Mean square displacements obtained by averaging over many independent
simulation runs using N D 4000 particles are displayed in Fig. 4.5. The results
are corrected for the drift in the system’s center of mass, which occurs due to the
stochastic nature of the Langevin integrator.
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The mean-square displacements
r 2 .t/ D hŒr.t0 C t/

r.t0 /2 i

(4.11)

are calculated for a number of different temperatures and reference times t0 . Of course,
in an equilibrated system, r 2 .t/ should not depend on the choice of t0 . However, as
one can see in Fig. 4.5, that is not strictly the case for lower temperatures. In other
words, for low temperatures, the system takes a long time to equilibrate, i. e., the
measured values still depend on the time of the measurement long after the initial
start of the simulation in a high-temperature configuration. Also, the average particle
mobility is greatly reduced as particles, or rather, clusters, are trapped inside small
regions of the total simulation volume. Conversely, due to the low or even vanishing
free energy barrier for nucleation at low temperatures, the system begins to freeze
into the crystalline phase. However, as a consequence of the reduced particle mobility,
the freezing and particle re-arrangement takes a prohibitively long amount of time.
To avoid such slow dynamics, we will not go below temperatures of kB T =" D 0:08.
For this temperature and the pressure and density range investigated in this work,
cluster-fcc2 is the stable phase.

4.4.2. Cluster survival probability and survival rate function
For the conditions investigated in this study, even in the liquid phase, the average
occupancy is very close to a value of two for all clusters. Therefore, it is reasonable to
further characterize the particle mobility by calculating the cluster survival probability
for clusters of size two as a function of time for different temperatures. For all clusters
of two particles present at time 0, p2 .t/ gives the fraction of these clusters still present
at time t. This survival probability can be written as a correlation function,
p2 .t/ D

hh2 .0/h2 .t/i
;
hh2 i

(4.12)

where the indicator function h2 .t/ is 1 if a particular pair of particles forms a 2-cluster
R
and 0 otherwise, and hh2 i is the equilibrium average dx h2 .x/e ˇH.x/ . Note that we
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Figure 4.6.: Two-particle cluster survival function p2 .t/ in the liquid at a fixed density
of  3 D 1 as a function of temperature.
only check if any particular cluster, consisting of two particles i and j , still exists after
a time t, regardless of what has happened in between. Also, a cluster is considered as
not surviving if it has been joined by a third particle, even though this rarely happens
in practice.
In Fig. 4.6, we have plotted the survival probability for clusters of two particles in the
liquid at different temperatures. In the liquid, this function shows an exponential decay.
However, in accordance with the results obtained from the particle MSD calculations
in Sec. 4.4.1, the typical timescale for the decay strongly grows for lower temperatures.
This illustrates why nucleation and crystalline growth timescales increase so much at
low temperatures: not only are particles trapped inside cages formed by neighboring
particles, they also do not leave their clusters any more. As a consequence, clusters
have to move as a whole instead of single particles in order for re-arrangement to take
place.
Not surprisingly, the timescales for cluster survival are much larger for crystalline
structures. In the case of a cluster crystal consisting of 2-clusters, a particle can
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spontaneously hop to an adjacent lattice site, leading to a pair of a single particle and
a 3-cluster. Subsequently, by chance, the same particle may hop back to its original
lattice site, reforming the original 2-cluster. However, it is also possible that another
particles takes its place, while the particle that has originally hopped eventually moves
further away from its initial position in subsequent hopping events. Such a process
can be modeled with a reaction-diffusion approach, initially developed to model
hydrogen-bond kinetics [35]. In particular, one aims to obtain an expression for the
rate function
dp2 .t/
;
(4.13)
k2 .t/ D
dt
which is assumed to follow the form
dp2 .t/
D
dt

kp2 .t/ C k 0 n.t/:

(4.14)

Here, n.t / is the probability that a particle initially part of a 2-cluster is still present
at an adjacent lattice site, and k and k 0 are the rate constants for break-up and reformation of 2-clusters, respectively. Then, it is assumed that the particle density
.r; t / changes by normal diffusion as well as the break-up and formation of clusters,
@
.r; t/ D D.r; t/ C ı.r/Œkp2 .t/
@t

k 0 n.t/;

(4.15)

where D is the single-particle diffusion constant of the system. The model can be
solved analytically in the Laplace domain. Thus, the rate function k2 .t/ is the inverse
Laplace transform of [35]
k2 .s/ D
where


f .s/ D 3 1

k
;
s C k C k 0 f .s/
p

p 
s arctan.1= s/ ;

(4.16)

(4.17)

and  / 1=D is a time constant related to particle diffusion in the system. We have
calculated p2 .t/ for a perfect fcc2 crystal (Fig. 4.7), and fitted the data according
p
to Eq. 4.16. The coefficients we have obtained are  D 8:7  107 m 2 =", k D
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Figure 4.7.: Two-particle cluster survival rate function k2 .t/ in the fcc2 crystal at a
pressure of p 3 =" D 1:49 and a temperature of kB T =" D 0:08. The
blue line is a fit according to the inverse Laplace transform of Eq. 4.16,
and the dashed line is a fit with an exponential decay. Note the deviation
from a purely exponential behavior for long timescales. Inset: same data
plotted on a log–log scale.
p
p
6:610 11 "=m 2 , and k 0 D 6:710 6 "=m 2 . As expected, k  k 0 , indicating
that it is much easier to re-form a cluster than to break it up initially. The inverse
Laplace transform is evaluated numerically [79]. As can be inferred from Fig. 4.7, the
decay of p2 .t/ clearly deviates from exponential (and from power-law) behavior, but is
reproduced well with the diffusion model. Note that one would expect an exponential
decay, if there was zero probability for any broken-up cluster to re-form at a later time.
However, as this may indeed happen, at long timescales the resulting rate function has
a higher value than an exponential decay would predict.

4.4.3. Nucleation free energies
In a next step, using NpT umbrella sampling, we have calculated equilibrium free energies for the nucleation from an undercooled liquid as a function of the size of the num-
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Figure 4.8.: Free energies for the nucleation from an undercooled liquid at kB T =" D
0:08 and different pressures (p in units of "= 3 ) as a function of the size
Nnuc of the largest crystalline nucleus. Pressures, from top to bottom, are
p 3 =" D 1:49 (red), 1.50 (light blue), 1.51 (orange), 1.52 (purple), 1.53
(green), and 1.54 (brown). All curves are normalized such that the local
minimum for low nucleus size is located at F=kB T D 0.
ber of clusters in the largest crystalline nucleus Nnuc . The free energy is calculated from
the probability density obtained via umbrella sampling, F .Nnuc / D kB T lnŒ.Nnuc /.
The free energy calculations were carried out at constant pressure rather than at constant volume. This choice ensures that the system can better accommodate local
density fluctuations that might be important in the liquid-to-solid nucleation. A number of independent simulations have been performed in order to improve sampling
accuracy.
Free energy curves as a function of nucleus size are shown in Fig. 4.8 for a temperature of kB T =" D 0:08 and a range of pressures. Clearly, for increasing the pressure,
the size of the critical nucleus as well as the barrier height decrease. The local minimum to the left of the barrier present in all curves originates from the fact that the
order parameter measures the size of the largest crystalline nucleus. Hence, due to

79

4. Nucleation and structural growth of cluster crystals
spontaneous fluctuations, even in the purely liquid phase, the most probable order
parameter value is a number larger than zero. We use a value of Nnuc D 480 as upper
limit in the free energy curves, which is well beyond the barrier for all conditions
investigated. In particular, any simulation started with a nucleus of this size will
spontaneously freeze into a fully crystalline state. The particle number N D 16 000
used in the free energy calculations was chosen such that the critical nuclei fit well
within the simulation box without coming too close to their own periodic images.
As a further step, one might ask whether the form of the free energy curves for
nucleation from the liquid agrees with predictions from classical nucleation theory
(CNT). However, in order to address this question, we first have to bring the free
energy curves into a form suitable for comparison with CNT. Let us start by defining
the function n.n;
Q N / as the (instantaneous) number of nuclei of size n in a system of
total size N . In order to compare with CNT, we need the quantity
f .n/ D hn.n;
Q N /i;

(4.18)

that is, the average number of nuclei of size n in a system of N particles. f .n/ can also
be interpreted as the (unnormalized) per-volume probability to find a nucleus of size
n in the system. In contrast, our free energies from the umbrella sampling simulations
are computed from .n/, the probability that the largest crystalline nucleus in the
system is of size n. The two quantities are only the same for large enough n, such
that there is only a single nucleus of that size in the system. In Appendix D, we show
how to obtain f .n/ in a systematic way. Effectively, one performs an additional,
unconstrained simulation in the liquid state, and thus calculates f .n/ for small values
of n. Then, this f .n/ is patched together with .n/ at a carefully selected value of n.
Having obtained f .n/ and the respective free energy G.n/ D kB T ln f .n/, we
can now compare their functional form to the prediction of CNT. As both the surface
tension and the bulk chemical potential of our system are unknowns, we simply use a
fitting function of the form
g.n/ D an2=3 C bn C c;
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where a is the surface term, b is the bulk contribution, and c is just a normalization
constant. Similarly, when introducing a size-dependent surface tension via the Tolman
correction [80], as well as a logarithmic correction for fluctuating nucleus shapes [81],
we use
g.n/ D an1=3 C bn2=3 C cn C d ln n C e:
(4.20)
Results for two selected conditions (the same as the ones in Fig. D.1 in Appendix D) are
shown in Fig. 4.9. While the overall quality of both fits is satisfactory, the inclusion
of the Tolman correction and the correction for fluctuations in the nucleus shape
significantly improve the agreement with the free energy curves obtained numerically.
Not surprisingly, neither method is able to reproduce the numerical results at very low
nucleus sizes. There, the assumption of spherical nuclei—even if just in an average
sense as it is assumed when applying the shape correction term—is certainly not
justified.

4.4.4. Composition of nuclei: equilibrium
As shown in Sec. 4.4.3, the crystallization of the supercooled liquid is opposed by a free
energy barrier and occurs via the formation of a small crystalline nucleus. However,
this nucleus does not necessarily have the structure of the thermodynamically most
stable one. Indeed, Ostwald’s “step rule” [67] states that nucleation should first
occur into the structure with the lowest free energy difference to the metastable liquid.
For instance, a recent study by Mithen and coworkers [65] has shown that in the
Gaussian core model (GCM or GEM-2), the bcc structure is always favored in the
early crystallization stages even at conditions at which the fcc-crystal is the stable
phase. We observe a similar scenario in the GEM-4 system. In Fig. 4.10, we have
plotted the average nucleus composition as a function of nucleus size, for nuclei taken
from our umbrella sampling simulations. The composition ci .Nnuc / is defined as the
average number of clusters of structure i in a nucleus of size Nnuc , where i is either one
of liquid2, fcc2, hcp2, or bcc2. Since the bias applied during umbrella sampling only
depends on the value of Nnuc , it does not affect the nucleus composition compared
to an equilibrium simulation. For the conditions kB T =" D 0:08 and p 3 =" D 1:50,
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Figure 4.9.: Free energy curves G.n/ for two different conditions (red, blue), and
numerical fits with the CNT prediction with (black) and without (grey,
dotted) Tolman correction and nucleus shape correction. In both cases,
the fit has been performed for values of Nnuc  15 only, as indicated by
the vertical dashed line.
which are used to calculate the compositions shown in Fig. 4.10, cluster-fcc2 is the
thermodynamically stable crystal structure. Nevertheless, the fraction of actual fcc2
clusters in small crystalline nuclei is very low and also approximately constant over
a large range of nucleus sizes. Very small nuclei consist of about the same number
of bcc2, and fcc2 and hcp2 clusters, respectively. However, a significant change in
composition occurs around a nucleus size of 200: the relative fraction of fcc2 and
hcp2 drops, while the fraction of bcc2 increases by the same amount. At the same
nucleus size, we see a change of the slope for the curve representing liquid clusters.
These clusters are mainly found on the surface of the nuclei. A typical example for
such a nucleus, consisting primarily of liquid-like clusters on the surface, as well as
bcc2, fcc2, and hcp2 clusters in the core, is shown in Fig. 4.11.
By increasing both temperature and pressure to kB T =" D 0:09 and p 3 =" D 1:70,
one can reach a regime where bcc2 is actually the thermodynamically favored phase.
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Figure 4.10.: (Top) Equilibrium nucleus composition at kB T =" D 0:08 and p 3 =" D
1:50 (fcc2 stable) as a function of the nucleus size, measured in number
of clusters. (Bottom) Relative fraction of the three crystalline structures
fcc2, hcp2, and bcc2. In both panels, a significant change occurs around
a nucleus size of 200 clusters.
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Figure 4.11.: Critical nucleus at kB T =" D 0:08 and p 3 =" D 1:50 (surrounding
liquid particles not part of the nucleus are not shown). Particles are
colored according to their local structure in red (liquid2), light blue
(fcc2), orange (hcp2), or purple (bcc2). The outlines of the Voronoi
cells used in the order parameter calculation are drawn as thin blue lines.
Even though fcc2 is the thermodynamically stable structure for these
conditions, the nucleus consists of more bcc2 clusters than fcc2 clusters
(see Fig. 4.10).
However, as we see in Fig. 4.12, the average nucleus composition is practically identical
to the case where fcc2 is stable. This is another hint that the strong preference for the
bcc2 structures in the GEM-4 system is a kinetic effect.
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Figure 4.12.: (Top) Equilibrium nucleus composition at kB T =" D 0:09 and p 3 =" D
1:70 (bcc2 stable) as a function of the nucleus size, measured in number
of clusters. (Bottom) Relative fraction of the three crystalline structures
fcc2, hcp2, and bcc2.
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4.4.5. Composition of nuclei: freezing trajectories
In order to investigate if there is any difference in nucleus composition between
equilibrium configurations and those taken from complete freezing pathways, we have
started a number of trajectories from configurations taken from the top of the free
energy barrier (see Fig. 4.8). While in some of these trajectories the nucleus disappears,
in others it grows and eventually the entire system crystallizes. For these freezing
trajectories, especially for small nuclei, the relative fraction of bcc2 is significantly
larger than in the nuclei drawn from the equilibrium distribution (Fig. 4.13). In
other words, the presence of a bcc2 nucleus strongly increases the probability of a
configuration to freeze, in accordance with direct observations of freezing trajectories.
In particular, small fcc2 structures present in early nuclei often transform into bcc2.
Then, more often than not, the whole system freezes into a state consisting primarily
of bcc2 particles. A typical bcc2-rich freezing trajectory is shown in Fig. 4.14. The
transformation to the thermodynamically favored fcc2 phase happens only after that,
on a much longer timescale than the growth of the initial nucleus. We will look into
these later stages of the transformation in more detail in the following.

4.4.6. Full freezing trajectories and committor analysis
As a next step in understanding the mechanisms of crystal growth in the GEM-4 system,
we take a closer look at freezing trajectories. So far, we have already seen that both for
equilibrium configurations on the free energy barrier as well as as for configurations
taken from trajectories that are ending in a fully crystalline system, the bcc2 structure
is strongly favored for small crystalline nuclei. Hence, the question arises whether
this trend continues for larger nuclei as well, up to the complete crystallization of the
entire system. In principle, in situations where fcc2 is the thermodynamically stable
structure, two distinct scenarios for the crystal growth process are possible: in one case,
the structure turns into fcc2 in the interior of the crystalline nucleus already while the
system is still partially in a liquid state. Such behavior was observed, for example, in a
Lennard-Jones mixture [66]. In the other scenario, the system first completely freezes
to bcc2, and only later, in a second step, transforms to fcc2. As already hinted at in
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Figure 4.13.: (Top) Nucleus composition evaluated for freezing trajectories at
kB T =" D 0:08 and p 3 =" D 1:50 as a function of the nucleus size,
measured in number of clusters. (Bottom) relative fraction of the three
crystalline structures fcc2, hcp2, and bcc2.
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Figure 4.14.: Snapshots of the largest crystalline
nucleus along a freezing trajectory.
p
2
Times are given in units of m =". At t D 400, the nucleus is large
enough to interact with its own periodic images.
Sec. 4.4.5, our results show that for GEM-4 under the conditions investigated, the twostep freezing scenario is the dominating one. In Fig. 4.15, we plot the instantaneous
composition of the largest crystalline nucleus along freezing trajectories started from
the critical nucleus size. The large majority of trajectories ends up in a state where
the entire system is in a bcc2 structure. Also, as indicated by the more or less parallel
slopes during the bcc2 growth phase (bottom panel of Fig. 4.15), the growth of the
bcc2 structure happens with a constant rate, which is much faster than the typical
growth rate for fcc2 or hcp2. Hence, the system simply does not have enough time to
transform to fcc2, and transforms completely to bcc2 instead. Often, the fcc2 region in
the nucleus actually shrinks during the growth process. Among the examples shown
in Fig. 4.15, only a single trajectory (plotted in brown) has managed to overcome this
bcc2 dominance early on in the growth process. However, even in this trajectory, a
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Figure 4.15.: Number of fcc2, hcp2, and bcc2 clusters in the largest crystalline nucleus
for a selection of freezing trajectories starting from a nucleus size of
250 clusters, at the top of the free energy barrier. The simulations were
run at kB T =" D 0:08, p 3 =" D 1:49, and a system size of N D 16 000
particles.
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significant amount of bcc2 as well as hcp2 clusters remain in the system at the end of
the simulation. We have illustrated this final state in Fig. 4.16 (left), along with a more
typical bcc2-only final state (right). The configuration containing many fcc2 clusters
is very similar to the typical configurations observed by Mithen and coworkers [65]
for the freezing in the Gaussian core model, which are also characterized by a high
degree of polymorphism. In contrast, the majority of bcc2-only final configurations
observed in our simulations are rather uniform.
When simulating for a longer time, the fcc2-rich trajectory finally transforms into
a state where there is no significant amount of bcc2 structure left. However, as the
resulting fcc2 crystal is not aligned with the simulation box, a number of stacking
faults remain. Apparently, the survival of a large enough fcc2 structure during the
initial crystalline growth phase is crucial for the full transformation of the entire
system. Eventually, also a bcc2 crystal will transform into the stable fcc2 form, but
the timescales required for this transformation are larger than the time accessible to
our simulations. Note that it is not possible to set up a finite simulation volume with
periodic boundary conditions and a fixed number of particles that allows the formation
of both a perfect fcc2 as well as a perfect bcc2 crystal. Therefore, as a compromise,
we have used a particle number which is a perfect fit neither for fcc2 nor for bcc2.
So far, we have only looked at the properties of freezing trajectories, i. e., trajectories
that end up in a crystalline state after a rather short simulation time. However, the
question remains whether we can predict if any given intermediate crystallite will
freeze or will instead melt again. Quantitatively, a committor analysis is able to provide
a measure of freezing affinity for any given configuration. In a system with two (meta) stable states A and B, the committor pB .x/ of configuration x is the fraction of
dynamical pathways started from x that first reach state B [4, 47]. In accordance
with our free energy calculation, for our system we define the region B in terms of
the number of clusters in the largest crystalline nucleus. The system is considered
to be in state B if Nnuc > 500, while we define state A by Nnuc < 25. Hence, the
committor is the probability of a configuration to freeze. In Fig. 4.17, we show the
committor plotted as a function of the composition of the largest crystalline nucleus.
Clearly, there is a strong relation between the committor value and the number of
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Figure 4.16.: Cross section through the simulation box at the end of two freezing
trajectories. The trajectories ended in a polymorph with a high number
of fcc2 clusters (left) and in a pure bcc2 structure (right). Particles are
colored red (liquid2), light blue (fcc2), orange (hcp2), and purple (bcc2).
bcc2 clusters in the nucleus. This observation is further reinforced by the inset of
Fig. 4.17, where we plot the committor against the number of bcc2 clusters in the
largest crystalline nucleus. In this representation, the committor shows a sigmoidal
shape, indicating that the number of bcc2 clusters is a useful measure for the progress
of the freezing transition. Note however that due to the exclusion of all but the bcc2
clusters, the midpoint is shifted to lower values compared to the top of the free energy
barrier shown in Fig. 4.9. Furthermore, there are some configurations which have a
high committor despite consisting of a rather low number of bcc2 clusters. These
are the configurations which have more fcc2 and hcp2 clusters instead. Thus, even
though such nuclei are occurring rarely, the presence of a large number of clusters in
an fcc2 or hcp2 environment is favorable for further crystallization as well. However,
some configurations exist which have a low committor despite consisting of many
crystalline clusters, indicating that the nucleus size alone is not sufficient for a full
description of the nucleation mechanism. In the following, we will show that the
overall shape of the nuclei plays a role in determining the committor as well.
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Figure 4.17.: (Color coded) Committor as a function of the composition of the largest
crystalline nucleus. Inset: committor plotted as a function of Nbcc2 in
the largest crystalline nucleus (same data set). The same conditions
as for the trajectories shown in Fig. 4.15 were used. The algorithm
described in Ref. 47 was employed for the calculation, using Nmin D 100
and Nmax D 500.
We have plotted the same data set as a function of the total nucleus size including “liquid” surface particles and the surface area in Fig. 4.18. The surface area of
the nucleus, Anuc , is defined as the sum over all Voronoi facet areas shared with a
neighboring cluster that is not part of the nucleus. Note that in the vicinity of the
critical nucleus size, around a value of Nnuc D 250, practically any committor value
occurs. However, configurations with low committors tend to have a large surface
area, while configurations with a low surface area have a higher committor. This
behavior can be understood in terms of the shape of the nuclei: while compact, more
or less spherical nuclei have a rather small surface area, the nuclei with larger surface
area are much more open and fractal-like. Hence, for at a given total nucleus size, a
compact structure is favorable for further crystallization.
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Figure 4.18.: (Color coded) Committor as a function of the total number of clusters
and the surface area of the largest crystalline nucleus. The same data set
as in Fig. 4.17 is shown.

4.5. Discussion
In this work, we have investigated the formation and growth of cluster crystal phases
from an undercooled liquid in the GEM-4 model. To distinguish between different
ordered and unordered structures, we have employed bond-order parameters based
on a Voronoi tesselation. This method has the advantage that it is (almost) free of
arbitrary parameters and is still able to separate different crystal structures with high
precision. Using molecular dynamics in the NpT ensemble combined with umbrella
sampling, we have studied crystallization over a range of pressures and two different
temperatures. We have compared conditions where either the fcc2 or bcc2 structure,
each with two particles per lattice site, is the thermodynamically stable one. Also in
the undercooled liquid at the same conditions, typically two particles sit on top of
each other. Due to caging effects, the particles’ mobility in the liquid phase is strongly
temperature-dependent. Hence, for cluster formation studies to be computationally
feasible, the temperature has to be selected with great care to ensure a sufficiently high
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mobility. The mobility of particles is reduced even more in the crystalline phase, but
less so than in a regular crystal because the main diffusion mechanism is the hopping
of particles to adjacent lattice sites, rather than the movement of lattice defects. The
kinetics of the particle hops can be reproduced well with a simple model that combines
spontaneous break-up of clusters with diffusion.
In the crystallization of the GEM-4 system there is a strong preference for the
formation of the bcc2 structure, even in cases where fcc2 is thermodynamically stable.
The inspection of trajectories indicates that the presence of a bcc2-rich crystalline nucleus strongly increases the freezing probability of a given configuration. This kinetic
preference translates to later stages of crystalline growth as well. More specifically,
the growth rate for bcc2 is larger than for fcc2, such that most freezing configurations
end up in a bcc2-only state, even if they initially contain a considerable amount of
clusters in an fcc2-environment as well. Conversely, for the conditions investigated in
our work, the final transformation to fcc2 is rarely observed. In future work we plan
to investigate the mechanism of the bcc2-to-fcc2 solid-to-solid transition.
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A. Bond-bridging move with variable
bond lengths
The bond-bridging move used in our TPS simulation works as follows. First, end
particle 1 or N is chosen with equal probability. Then, all interior monomers (i > 3
or i < N 2) within a distance of 2 L of the chosen end are identified, and one of
these, denoted by i , is chosen at random. This monomer is reconnected to the end via
removal and re-insertion of the next chain neighbor in the direction of the end, namely
particle i 1 or i C 1. A schematic view of this procedure is given in Fig. A.1. The
acceptance probability for the move is



.b/ ba Rb
Pacc .a ! b/ D min 1;
:
.a/ bb Ra

(A.1)

Here, ba (bb ) stands for the number of possible bridging partners present in state a
(b) and Ra is the distance of monomer i to the previously selected chain end, with
Rb defined accordingly.  is the equilibrium distribution to be sampled. As usual,
the value of .b/=.a/ depends on the type of simulation that is performed: We have
.b/=.a/ D e ˇ .Eb Ea / for a canonical ensemble at inverse temperature ˇ D 1=kB T
and .b/=.a/ D g.Ea /=g.Eb / in the case of a Wang–Landau simulation.
As we will discuss in the following, particular care has to be taken in deriving the
acceptance probability, because in our modified square-well polymer, bond lengths
are allowed to fluctuate. The move is designed such that none of these distances are
changed, in other words, the change in the potential energy from the harmonic springs
is always zero.
In all the following, we will assume that particle 1 has been selected as the end
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Figure A.1.: Schematic representation of the bond-bridging move.
to be reconnected. The situation for end particle N is of course identical, but i 1
has to be replaced by i C 1 and i 2 by i C 2 etc. Let us also denote the distances
to keep fixed with RC D jREi REi 1 j and R D jREi 1 REi 2 j. The chain is then
re-connected as indicated in Fig. A.2. We have Ra D dC C d , and can calculate
d D

Ra2

2
RC
C R2
:
2Ra

(A.2)

Note that due to the variable bond lengths, it is possible that RC C R < Ra . In that
case, there is no possibility to perform the re-connection, and the move is rejected.
Detailed balance for the move can be satisfied with the usual Metropolis acceptance
criterion


.b/ Pgen .b ! a/
Pacc .a ! b/ D min 1;
;
(A.3)
.a/ Pgen .a ! b/

where .x/ is the equilibrium distribution to be sampled and Pgen .a ! b/ is the
probability to generate configuration b out of a. Hence, we need to know the generation
probability in order to get the correct acceptance rule for the bond-bridging move.
The generation probability can be written as a product of three factors:
Pgen .a ! b/ D

1 1 1
:
2 ba n.b/

(A.4)

Here, 1=2 arises from the fact that there are two ends to choose from and ba is the
number of possible bridging partners present in state a. Furthermore, n.b/ is the
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Figure A.2.: Distances and angles involved in the bond-bridging move. Here, particle
1 has been chosen as the end to be reconnected, therefore particle i 1
is re-inserted between particle 1 and particle i .
number of possible configurations for b once the other choices have already been made.
This number is proportional to the configuration space volume available for the choice
of b under the imposed constraints: n.b/ D cv.b/. In order to estimate v.b/ for
the given geometry, we have to realize that a constraint on a distance is constructed
using a delta function in the distribution function. In other words, ı.R R0 / actually
means that R0 < R < R0 C R, where R is infinitesimal. In the case of our move,
the distances to be kept fixed are RC and R . In Fig. A.3, we have illustrated the
geometry at the re-insertion point, with the parallel lines indicating the infinitesimal
constraints. The available configuration space volume is proportional to the (also
infinitesimal) cross section A. Since the azimuthal angle of the re-insertion is
random, this has to be multiplied with the circumference of the circle defined by the
rotation of the re-insertion point around the axis from 1 to i :
v D 2sA:

(A.5)

The actual value for A can be calculated by looking at the geometry at the re-
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Figure A.3.: Close-up of the geometry at the particle insertion point.
insertion point (Fig. A.3). We have
A D

RC R
:
sin ˛

(A.6)

Also, ˛ D  ˇ, therefore sin ˛ D sin ˇ. To get an expression that only includes
known distances, we first split the triangle defined by the positions of particles i, i 1
and 1 into two right triangles: ˇ D C C . Hence,
sin ˇ D sin.
D sin

C
C

C
cos

/
C sin

cos

C:

(A.7)

The sines and cosines can now be expressed as ratios of known lengths:
sin

C

cos

C

dC
;
RC
s
;
D
RC
D

sin
cos

d
;
R
s
D
:
R
D

(A.8)

Putting all together, we get
v D
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2RC R RC R
:
Ra

(A.9)

Hence the generation probability is
Pgen .a ! b/ D

1
Ra
:
ba 4RC R RC R

(A.10)

This implies


.b/ ba

.a/ bb

c4RC R RC R
Rb
Ra
c4RC R RC R


.b/ ba Rb
:
D min 1;
.a/ bb Ra

Pacc .a ! b/ D min 1;

(A.11)

Note that this result holds regardless of whether RC D R or not. In other words, we
can use the same acceptance criterion as for the case of fixed bond lengths.
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B. Wang–Landau implementation
and polymer phase diagram
In this appendix, we give details on the implementation of our Wang–Landau simulation used to study the polymer chain with the smoothed square well. Also, we present
the full phase diagram for a wider range of temperatures and interaction ranges . As
we will show, this phase diagram is qualitatively identical to the one of the original
square-well chain investigated by Taylor, Paul, and Binder [15]. Naturally, the exact
coexistence temperatures between the phases differ from the original system with the
discontinuous potential.

B.1. Model
We investigate the phase behavior of the polymer chain consisting of N D 128
monomers, interacting with a smoothed square-well potential. Neighboring monomers
interact via harmonic springs, while the interaction between all other monomers is
given by Eq. (2.2). Further details can be found in Sec. 2.2.2 on page 21.

B.2. Wang–Landau sampling
The idea behind Wang–Landau sampling is to obtain the density of states g.E/
of a physical system, which gives the number of configurations of the system for
each energy level E. From the density of states one can calculate the partition
P
function Z.T / D n g.En /e En =kB T , and therefore all thermodynamic properties
of the system. In order to determine g.E/, one performs a Metropolis Monte Carlo
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simulation with a special acceptance criterion. Thus, a sequence of (correlated)
configurations of the physical system is generated. From these configurations, g.E/
is constructed in an iterative manner, until the desired level of convergence is reached.
In the case of a regular Metropolis Monte Carlo simulation at constant particle
number, volume, and pressure (NVT ensemble), one uses the acceptance probability


wb
Pacc .a ! b/ D min 1;
e
wa

.Eb Ea /=kB T



;

(B.1)

whenever one has to decide whether a new configuration b generated out of an old
configuration a should be accepted or rejected. Here, Ea and Eb are the potential
energies of the old and new configurations, respectively. Furthermore, wa and wb are
weight factors that ensure that the detailed balance condition is fulfilled. Typically, for
“simple” moves, we have wa D wb D 1. However, as we have seen in the previous
appendix chapter, this is not true for the more elaborate bond-bridging move that
we also use for the polymer. Effectively, when performing an NVT Monte Carlo
simulation, on samples the probability distribution  / e E=kB T .
Now, suppose for a moment that the density of states, g.E/, is already known.
g.E/ counts the total number of system configurations with an energy of E. Thus, if
we sample according to  / 1=g.E/, on average, each energy level will be visited
with equal frequency. Hence, one uses the acceptance criterion



wb g.Ea /
Pacc .a ! b/ D min 1;
:
wa g.Eb /

(B.2)

The density of states g.E/ is approximated by an estimate that is updated iteratively. In
order to check if each energy level En has been visited with equal frequency, one also
needs a visitation histogram H.En /. Furthermore, for numerical reasons, we store
ln g.E/ instead of g.E/. The complete Wang–Landau algorithm works as follows.
1. Start with g.En / D 1 and H.En / D 0 for all values of En . Also, set the
iteration number m D 0 and the modification factor fm D f0 D e 1 .
2. At each Monte Carlo step, use the acceptance criterion Eq. (B.2) with the
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current estimate for the density of states. Update g.En / ! fm g.En / and
H.En / ! H.En / C 1.
3. Periodically, check H.En / for flatness, i. e., check if no value in the histogram
deviates by more than 20 % from the average. As an additional flatness criterion,
check if each histogram bin has increased by a value within 20 % of the average
growth since the last check for uniform growth. If either flatness criterion is
p
fulfilled, set m ! m C 1 and fmC1 D fm . In addition, reset the visitation
histogram, H.En / D 0 and continue from step 2.
4. Stop if desired convergence of g.En / is reached. For the polymer chain, this
happens around a value of m & 30.
Before starting the main Wang–Landau run, we perform a preliminary run at low
energies to obtain an estimate for the lower bound in the energy. This preliminary
simulation is terminated manually. As one expects, the (estimated) ground state energy
is lower for higher values of the interaction range , since more square-well overlaps
are possible if the range of the potential is increased.
In practice, the algorithm can take a prohibitively long time to converge, as the
system might be stuck in a certain region of the whole energy range. While more
elaborate ways to parallelize a Wang–Landau simulation are available [82], we simply
split up the energy range into two or more overlapping windows and perform a series
of independent simulations in each window. Then, the windows are joined at the
midpoint of the overlap region, and we use an average over the independent runs as the
final result for g.En /. An example for the joining procedure is shown in Fig. B.1. As
can be seen in Fig. B.2, even when splitting the energy range into multiple windows,
in some cases it took several months for the Wang–Landau simulations to converge.

B.3. Phase diagram
Once we have the density of states at our disposal, we may now analytically calculate
the probability density of the energy as a function of temperature, P .En ; T /. From
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Figure B.1.: Overlapping energy ranges and converged density of states for the Wang–
Landau sampling of the N D 128 polymer chain at an interaction range
of  D 1:01.
that, we can obtain any quantity that can be expressed in terms of the expectation
value of the energy and its powers. In particular, we calculate the specific heat,
C.T / D

1
hE 2 i
kB T 2


hEi2 ;

(B.3)

and relate the location of the peak in C.T / to the coil-to-crystal coexistence temperature. We can immediately estimate the uncertainty of the result by averaging over
a number of independent Wang–Landau runs. The specific heat with its prominent
freezing peak for  D 1:05 is shown in Fig. 2.3 in the main text (page 30). However,
for larger interaction ranges, there appears an additional structure in C.T /, namely, a
shoulder located at temperatures higher than the freezing peak, indicative of a secondorder coil-to-globule collapsing transition [15]. However, in order to clearly locate the
temperature of this transition, a microcanonical analysis is advantageous. In particular,
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Figure B.2.: Simulation time needed to reach Wang–Landau iteration numbers for
a number of independent simulations in the low-energy window of the
N D 128 chain at  D 1:10. Typically, convergence is reached for
m & 30.
we look for an isolated inflection point in the microcanonical inverse temperature,
dS.E/
;
dE

(B.4)

S.E/ D kB ln g.E/

(B.5)

ŒT .E/

1

D

where

is the microcanonical entropy. In practice, the derivative (B.4) is evaluated numerically
for each of a number of independent realizations of g.E/. Then, we fit the resulting
curve with a 5th-order polynomial and use the inflection point of this function as the
result. An example for the procedure is shown in Fig. B.3. Finally, in order to get an
estimate for the uncertainty in the result for the coexistence temperature as well, we
again average over all independent realizations.
We now have everything to construct the full phase diagram of the polymer chain
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Figure B.3.: Microcanonical inverse temperature and fit with a polynomial to obtain
the inflection point of the curve, indicating the location of the secondorder coil-to-globule collapsing transition. Shown is one realization for
the N D 128 and  D 1:07 chain.
with smoothed square-well interactions. Naturally, the procedures described above
have to be performed for each value of the interaction range . In particular, one needs
to perform a series of Wang–Landau simulations for each value of . In total, we have
used on the order of 500,000 single-core CPU hours on VSC-1 to construct the whole
phase diagram (Fig. B.4, numerical values and uncertainties in Tab. B.1). Note that
we have terminated the line for the freezing transition for interaction ranges  > 1:20,
as the freezing peak becomes less and less pronounced for higher interaction ranges.
Also, for lower interaction ranges, a Maxwell-type loop in the microcanonical inverse
temperature is associated with the freezing peak. This loop disappears for  > 1:20.
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Figure B.4.: Phase diagram for the chain with smoothed square-well interactions. The
points are results from the Wang–Landau simulations, and the lines are
guides to the eye. The uncertainties in the temperatures are at most the
same as the symbol size.
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1.01
1.02
1.03
1.04
1.05
1.06
1.07
1.08
1.10
1.12
1.15
1.17
1.20
1.22
1.25
1.27
1.30

kB Tfreeze ="
0.276(1)
0.345(1)
0.383(1)
0.421(1)
0.437(1)
0.458(1)
0.475(1)
0.489(1)
0.511(1)
0.524(1)
0.526(1)
0.511(1)
0.439(6)
...
...
...
...

kB Tcollapse ="
...
...
...
...
...
0.455(1)
0.490(1)
0.523(2)
0.586(1)
0.650(2)
0.744(2)
0.809(3)
0.904(4)
0.969(7)
1.075(3)
1.158(3)
1.264(7)

Table B.1.: Coil-to-crystal transition temperatures Tfreeze and coil-to-globule transition
temperatures Tcollapse for all investigated values of the interaction range .
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C. Center-of-mass calculation under
periodic boundary conditions
The algorithm we use provides a straightforward and unambiguous way to calculate
the center of mass of an arbitrary arrangement of particles in a system with periodic
boundary conditions. We will outline the main result of Ref.83 to calculate the center
of mass of a system of N particles of equal mass in a one-dimensional periodic system
of size xmax . Naturally, for three-dimensional systems, the calculations have to be
performed for each dimension separately.
We start by mapping each coordinate to an angle
i D 2

xi
:
xmax

(C.1)

Then, this angle is interpreted to be on a unit circle, and the corresponding twodimensional coordinates are calculated,
i D cos.i /;

i D sin.i /:

(C.2)

Now, we calculate the standard center of mass in the two-dimensional space,
N
1 X
N D
i ;
N i D1
N
X
N D 1
i :
N i D1

(C.3)
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Finally, we can map back the common center to an angle
N /
N C ;
N D atan2. ;

(C.4)

and then map back this average angle to a length coordinate in the range Œ0; xmax /:
xCOM D xmax

N
:
2

(C.5)

Here, atan2.y; x/ is the two-argument inverse tangent function implemented in many
programming languages and computer algebra systems. The negation of the arguments
in combination with the shift of the function by  ensures that N falls within Œ0; 2/.
We stress again that the algorithm described above is completely unambiguous, even
for cases where the mass distribution is wide in comparison to the periodic box. This
is not true when trying to calculate the center of mass for such a case using the usual
minimum image convention with respect to some more or less random reference point.
The algorithm will only fail in the case of a completely uniform mass distribution, for
which the center of mass is not defined in a periodic system. Even then, the algorithm
will return some value (depending on the implementation of atan2), which is as good
as any other for that particular situation.
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nucleation theory
Here, we briefly recapitulate how one can compare results to classical nucleation
theory (CNT) when using the size of the largest crystalline nucleus as the order
parameter for free energy calculations.
Let us denote with .n/ the probability that the largest nucleus in a system is of
size n. The free energies calculated using umbrella sampling (Fig. 4.8, page 79) are
nothing but F .n/ D kB T ln .n/. On the other hand, f .n/ D hn.n;
Q N /i, is the
average number of nuclei of size n. For comparing the two different functions, we can
actually calculate .n/ from hn.n;
Q N /i. Assuming that the nuclei are all independent
of each other and hence their occurrence numbers in any single configuration are
Poisson distributed around the known average, we have
.n/ D e

P1

Q
/i
iDnC1 hn.i;N

Œ1

e

hn.n;N
Q
/i

:

(D.1)

In words, the probability that the largest nucleus in the system is of size n is the
probability that there is not a single nucleus of any larger size, times the probability
that there is a least one nucleus of size n.
In Fig. D.1, we show a comparison between the two ways of calculating .n/ for
small values of n. To obtain these data, we only had to perform additional simulations
of an unconstrained liquid system in order to sample hn.n;
Q N /i. Clearly, the calculation
using Eq. (D.1) agrees well with the direct method using umbrella sampling, suggesting
that the nuclei appear independently of each other. Note also that while the umbrella
sampling results are normalized such that the total probability is 1, using Eq. (D.1)
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Figure D.1.: .n/, the probability to find a largest nucleus of size n, calculated for
two different conditions and a system size of N D 16 000. Shown is
a comparison between direct calculation with umbrella sampling (solid
lines), and calculation via Eq. (D.1) (square symbols).
we directly obtain real probabilities for the occurrence of a largest nucleus of size
n, without any further need for normalization. As a last step, we have to determine
where to patch the two free energy curves together. We will use
8
< ln f .n/
G=kB T D
: ln .n/ C k

n  npatch ;

(D.2)

n > npatch ;

where npatch is the value where the two curves are stitched together and the constant
k is chosen such that the free energy is continuous at the stitching point. To find
the point where to patch the two parts together, we plot both curves (Fig. D.2) and
select the stitching point visually. In conclusion, for comparison with CNT, we patch
together f .n/ with .n/ at a value of npatch D 30, where the two curves are already
practically indistinguishable from each other for all conditions investigated.
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Figure D.2.: Free energy from umbrella sampling (solid lines) and calculated by
evaluating lnhn.n;
Q N /i (symbols). The final result is patched together
at a nucleus size of 30, indicated by a dashed line.
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